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ABSTRACT 

The o v e r a l l  i g n i t i o n  t r a n s i e n t  of a rocket  motor i s  
descr ibed by i t s  t h r e e  component processes:  t h e  i g n i t i o n  
l a g ,  t h e  t i m e  between the  s t a r t  of t h e  i g n i t e r  ac t ion  and 
t h e  appearance of t h e  f i r s t  flame on t h e  p rope l l an t  su r f ace ;  
flame spreading,  t h e  t i m e  i n t e r v a l  during which the  propel- 
l a n t  su r f ace  becomes f u l l y  i gn i t ed ;  and chamber f i l l i n g ,  t h e  
t i m e  i n t e r v a l  during which equi l ibr ium condi t ions  i n  t h e  
chamber a r e  a t t a i n e d ,  The chamber f i l l i n g  process  which 
dominates t h e  e n t i r e  t r a n s i e n t  is  analyzed assuming essen- 
t i a l l y  one-dimensional flow with uniform pressure  and t e m -  
p e r a t u r e  a t  a l l  t i m e s .  Flame spreading i s  based on t h e  
hypothes is  of successive i g n i t i o n s  of ad jacent  su r face  
elements,  and t h e  i g n i t i o n  c r i t e r i o n  is t h e  at ta inment  of a 
c r i t i c a l  temperature a t  t he  sur face .  The implicat ions of  
t h e  t r a n s i e n t  e f f e c t s  o f  changing pressure  and of p rope l l an t  
pre-heat ing on the  instantaneous burning r a t e  a r e  discussed 
b u t  a r e  no t  included i n  the  analyses .  The a n a l y s i s  i n  t h i s  
paper  i s  l i m i t e d  t o  t h e  case of an i n t e r n a l  burning g r a i n  
with a pyrogen-type i g n i t e r  loca ted  a t  t h e  forward end o f  
t h e  rocke t  motor. Convection is assumed t o  be the  dominant 
mode of  h e a t  t r a n s f e r  t o  t h e  p r o p e l l a n t  and i s  co r re l a t ed  by 
a t u r b u l e n t  boundary l aye r  law t h a t  was determined experi-  
mental ly  with a s i m i l a r  rocket  motor and i g n i t e r  gas i n  a 
previous research  program: 

A system o f  equations i s  der ived and then used t o  de- 
termine numerically t h e  gas pressure ,  t h e  gas temperature,  
and t h e  burning a rea  during t h e  i g n i t i o n  t r a n s i e n t  of a 
series of hypo the t i ca l  pyrogen-ignited rocke t  motors f o r  
va r ious  series of f i r i n g s .  Computations with systematic  
v a r i a t i o n  of  t h e  i g n i t e r  mass flow r a t e  i n d i c a t e  seve ra l  
r e s u l t s  of p r a c t i c a l  i n t e r e s t .  One i s  t h a t  t h e  i g n i t i o n  l a g  
is inve r se ly  r e l a t e d  t o  the  i g n i t e r  mass flow r a t e .  Pres- 
s u r e  overshoots due t o  over-duration i g n i t e r s  are demon- 
s t r a t e d  by ca l cu la t ion .  Reduction of t h e  chamber p o r t  a r ea  
decreases  t h e  t i m e  t o  i g n i t i o n  and s teepens the  r a t e  of  
p r e s s u r e  rise, . Also s tudied  a r e  t h e  cases  of an i g n i t e r  of 
cons t an t  m a s s ,  bu t  with d i f f e r e n t  r a t e s  of flow, and t h e  use 
of a p a r t i a l  nozzle  c losure  t o  speed up t h e  i g n i t i o n  t r a n s i e n t .  
The former showed t h a t  even though an i g n i t e r  may have suf -  
f i c i e n t  t o t a l  m a s s  f o r  an adequate i g n i t i o n  when burned a t  
r a t e d  flow, a malfunction t h a t  causes some reduct ion  i n  t h e  
r a t e  of f l o w  (but with no reduct ion  i n  combustion e f f i c i e n c y )  
may r e s u l t  i n  a hangf i re .  A p a r t i a l  nozzle c losu re  was 
found t o  a f f e c t  t h e  i g n i t i o n  t r a n s i e n t  by speeding up t h e  
p r e s s u r e  rise e s p e c i a l l y  i n  t h e  chamber f i l l i n g  i n t e r v a l ;  



ix 

it had no e f f ec t  on the induct ion t i m e .  This means t h a t  
nozz le  c losu res  are n o t  of g r e a t  b e n e f i t  i n  &his c l a s s  of  
r o c k e t  motor. The maximum value of (d%t) i s  found t o  
occur  a t  t h e  beginning of the pure chamber f i l l i n g  i n t e r v a l  
i n  a l l  t h e  cases  s tud ied ,  t h a t  i s ,  before  35% of t h e  equal- 
i b r i u m  p res su re  is reached. 

This  research  ind ica t ed  t h a t ,  given t h e  i g n i t e r  
characterist ics,  a measuied h e a t  flux d i s t r i b u t i o n ,  and a 
s u i t a b l e  i g n i t i o n  c r i t e r i o n ,  t he  i g n i t i o n  t r a n s i e n t  f o r  a 
given rocket  motor can be predic ted .  
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CHAPTER I 

INTRODUCTION 

I n  the p a s t  s e v e r a l  yea r s ,  as p a r t  of  the design 
procedure of a s o l i d  p r o p e l l a n t  rocke t  motor, i n t e r n a l  
b a l l i s t i c s  engineers  have been ab le  t o  p r e d i c t  w i t h  p r ec i -  
s i o n  the s teady state t h r u s t  vs .  t i m e  curve and the t h r u s t  
t a i l - o f f  curve of a given s o l i d  p rope l l an t  rocke t  motor. 
However, when dea l ing  with the t h r u s t  t r a n s i e n t  during 
i g n i t i o n ,  t h a t  is, during the i n t e r v a l  between t h e  i n i t i a -  
t i o n  of  t h e  i g n i t e r  ac t ion  and t h e  onse t  of f u l l  t h r u s t ,  
the des ign  engineer must resort simply t o  empir ical  
knowledge of previous f i r i n g s .  This empir ical  and s ta t i s -  
t i c a l  approach t o  t h e  design problem sheds very l i t t l e  
l i g h t  on t h e  b a s i c  phys ica l  processes  t h a t  a r e  involved 
and cannot be r e l i e d  upon f o r  t h e  performance a n a l y s i s  of 
new designs.  The development of l a r g e ,  high performance 
solid p r o p e l l a n t  rocke t s  c o s t i n g  l a r g e  sums f o r  each charge 
and each tes t  f i r i n g  emphasizes the need €or a b e t t e r  under- 
s t and ing  of t h e  i g n i t i o n  t r a n s i e n t .  

The des igner  must concern himself with var ious a spec t s  
of the i g n i t i o n  t r a n s i e n t .  The o v e r a l l  t i m e  of  the t r a n s i e n t  
and t h e  shape of the p res su re  rise are of  primary importance. 
A s  f o r  the o v e r a l l  t i m e ,  that  i s ,  t h e  delay i n  onse t  o f  f u l l  
t h r u s t ,  it usua l ly  must be k e p t  w i th in  some l i m i t  and must 
be reproducible .  A s  f o r  the shape o f  the pressure  r i s e ,  t h e  
p o s s i b i l i t y  of a pressure  overshoot i s  always p re sen t ,  and 
the stress l i m i t s  of  t h e  motor s h e l l  must no t  be exceeded. 
S ince  the g r a i n  and t h e  cas ing  of t h e  rocke t  have a visco-  
e l a s t i c  na ture ,  the r a t e  o f  r i s e  of t h e  chamber p re s su re  as 
w e l l  as the pressure  l e v e l  i t se l f  are c r i t i ca l  parameters i n  
the s t r u c t u r a l  design. An excess ive  r a t e  of p r e s s u r i z a t i o n  
can cause a f a i l u r e  e.ven though the  p re s su re  is below the 
c r i t i c a l  l e v e l ,  e s p e c i a l l y  a t  low ambient temperature.  The 
ra te  of r i se  o f  t h r u s t  i s  a l s o  importar,t when the veh ic l e  
posesses  a d e l i c a t e  guidance system o r  a d e l i c a t e  payload 
which must be i s o l a t e d  from s t rong  shocks: th is  i s  the 
" i g n i t i o n  shock" problem. A detailed knowledge of p re s su re  
v a r i a t i o n s  during the i g n i t i o n  t r a n s i e n t  may be requi red  
when s o l i d  p r o p e l l a n t  rocke t s  a r e  used f o r  c r i t i ca l  t r a j e c t o r y  
and a t t i t u d e  con t ro l .  

It is  the purpose of this report t o  con t r ibu te  quant i -  
t a t i v e  answers t o  these problems of i g n i t i o n  t r a n s i e n t  pre- 
d i c t i o n  and i g n i t e r  design. 
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A, I G N I T E R  SYSTEMS 

The i g n i t e r  system s u b j e c t s  t h e  su r face  o f  the s o l i d  
p r o p e l l a n t  t o  a complicated combination of  conductive, '  
convective,  and r a d i a t i v e  h e a t  t r a n s f e r ,  The s t r e n g t h  and 
du ra t ion  of t h i s  i g n i t e r  should be such t h a t  once the 
i g n i t e r  i s  shu t  o f f  t h e  s o l i d  p rope l l an t  g r a i n  w i l l  be  able 
t o  burn on i t s  ovm. mere are seve ra l  classes of i g n i t e r s  
t h a t  are usua l ly  employed. The purely pyrotechnic  type 
i g n i t e r s  are composed o f  m a t e r i a l  which produces mainly 
incandescent p a r t i c l e s ,  s o l i d  o r  molten, t h a t  are s c a t t e r e d  
a l l  over t h e  exposed su r face  of t h e  main p rope l l an t  charge,  
s t a r t i n g  i g n i t i o n  a t  many s p o t s  simultaneously.  These 
i g n i t e r s  are usua l ly  placed a t  s e v e r a l  po in t s  i n  t h e  core  
of  the  motor so tha t  t h e  evolved h o t  condensed products  
which heat t h e  p rope l l an t  su r f ace  by conduction w i l l  be 
d i s t r i b u t e d  over t h e  e n t i r e  gra in .  The pure ly  pyrogenic 
i g n i t e r  produces mainly h o t  gas and is  b a s i c a l l y  a s m a l l  
rocke t  motor wi th in  the main rocke t  system. A f t e r  i g n i t i o n  
of t h i s  s m a l l  motor t h e  r e s u l t a n t  exhaust gases  h e a t  t h e  
main p r o p e l l a n t  charge p r imar i ly  by convection, Other 
methods such a s  an electric heater en the su r face  of  the 
g r a i n  or t h e  i n j e c t i o n  of a l i q u i d  which is  hypergol ic  
with the p r o p e l l a n t  have been used t o  a l i m i t e d  e x t e n t ,  

I n  add i t ion  t o  the choice of i g n i t e r  type,  the designer  
has  c o n t r o l  of s eve ra l  o t h e r  f a c t o r s  which a l t e r  khe char- 
acter of  the i g n i t i o n  t r a n s i e n t .  Many of t h e  techniques 
used  can be found i n  t h e  l i t e r a t u r e  and only a f e w  a r e  
mentioned here ,  Various t r a n s i e n t  c h a r a c t e r i s t i c s  a r e  
found w i t h  s i m i l a r  i g n i t e r s  when t h e  placement o f  t h e  i g n i t e r  
i s  changed, o r  t he  geometry of the g ra in  is  a l t e r e d .  The 
impingement angle and v e l o c i t y  of  the i g n i t e r  gas on the 
main rocke t  g ra in  w i l l  i nc rease  o r  decrease t h e  i g n i t i o n  
t i m e ;  f a s t  i g n i t i o n s  are obtained a t  high impingement 
angles  and high gas v e l o c i t i e s .  The composition of  the 
i g n i t e r  gas  a l s o  can a f f e c t  the i g n i t i o n  t r a n s i e n t ,  p a r t i c -  
u l a r l y  i f  t h e  g ra in  su r face  h a s  been painted with i n h i b i t o r s  
o r  chemically a c t i v e  materials. 

B. PRELIMINARY CONCEPTS 

The goal  of t h i s  Deport is  an attempt t o  describe 
a n a l y t i c a l l y  the i g n i t i o n  t r a n s i e n t  i n  s o l i d  p r o p e l l a n t  
rocke t  motors, This sub jec t ,  however, i s  s t i l l  i n  i ts  in- 
fancy, and only r e c e n t l y  has a vocabulary been developed. 
The vocabulary i s  repeated h e r e  f o r  c l a r i t y  and completeness. 

tween the f irst  i g n i t i o n  s i g n a l  and t h e  beginning of  s t e a d y  
s t a t  e t h r u s t ,  The l a t t e r  s i t u a t i o n  occurs when steady s t a t e  

The i g n i t i o n  t r a n s i e n t  i s  defined as t h e  i n t e r v a l  be- 
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c o n d i t i o n s  are reached 
convenient t o  s e p a r a t e  
i n t e r v a l s :  

i n  t h e  rocke t  chamber. 
t h e  , i g n i t i o n  t r a n s i e n t  

It is  very 
i n t o  three t i m e  

(1 ) The i g n i t i o n  Lag is  def ined as the i n t e r v a l  be- 
tween t h e  i n i t i t a t i o n  of the i g n i t e r  a c t i o n  and the appearance 
o f  the first flame on t h e  su r face  o f  t h e  p rope l l an t .  A 
detailed and accura te  d e s c r i p t i o n  o f  t h i s  t i m e  de lay  must in- 
c l u d e  t h e  b a l l i s t i c s  of t h e  i g n i t e r  system and the de lays  
a s soc ia t ed  w i t h  t h e  a c t u a l  i g n i t i o n  of  an element of  s o l i d  
p r o p e l l a n t ,  C r i t i c a l  reviews of t h e  c u r r e n t  t h e o r i e s  of the  
i g n i t i o n  process  are given i n  References 1 and 2. The 
i g n i t i o n  c r i t e r i o n  is  assumed i n  this  report t o  be the 
a t t a inmen t  of a th reshold  temperature a t  t h e  su r face  of the 
p r o p e l l a n t ,  even though tne i g n i t i o n  process is  known t o  be 
complex, and may be expected t o  lead  t o  a f a r  more complex 
c r i t e r i o n ,  Howeverl t h i s  simple temperature c r i t e r i o n  can 
serve h e r e  as a first rough approximation t o  t h e  a c t u a l  
c r i t e r i o n .  Hence, t he  i g n i t i o n  delay repor ted  i n  t h i s  repost 
is merely t3.e t i m e  it t a k e s  t o  h e a t  the su r face  t o  t h e  
s p e c i f i e d  c r i t i c a l  temperature.  

f2 1 The flame spreading i n t e r v a l  i s  the t i m e  from t h e  
first i g n i t i o n  t o  the t i m e  when the  e n t i r e  surface of  t h e  
p r o p e l l a n t  i s  i g n i t e d ,  The mechanism by which t h e  s ta te  of  
i g n i t i o n  i s  propagated over t h e  su r face  of t h e  p r o p e l l a n t  i s  
based on t h e  hypothesis  of successive i g n i t i o n s ,  Each 
element of t h e  p r o p e l l a n t  su r f ace  is  i g n i t e d  ind iv idua l ly ,  
and the induct ion t i m e  f o r  each su r face  element depends on 
the heat f lux  t o  t h a t  element and n o t  t h e  thermodynamic 
s t a t e  o f  the neighboring elements. The mod61 of flame 
spreading  is as follows: The i g n i t e r  mass flow t r a n s f e r s  
energy t o  the  p r o p e l l a n t  by convection u n t i l  some p o r t i o n  
of  t h e  su r face  of  the g r a i n  i g n i t e s .  This ,  by d e f i n i t i o n ,  is  
the beginning of f l a m e  spreading. The products  of s o l i d  
p r o p e l l a n t  combustion then augment the energy t r a n s f e r  t o  t h e  
remaining unigni ted po r t ions  of t h e  surface.  This  process  
cont inues  u n t i l  every element of su r f ace  is i g n i t e d ,  and 
then by d e f i n i t i o n ,  flame spreading is  f in i shed .  

( 3  ) The chamber f i l l i n g  i n t e r v a l  is  t h e  i n t e r v a l  
between complete i g n i t i o n  of the p r o p e l l a n t  su r f ace  and t h e  
a t ta inment  of s teady  state condi t ions  i n  the combustion 
chamber, The chamber f i l l i n g  process is the problem of 
i n t e r n a l  ba l l i s t ics  throughout t h e  e n t i r e  i g n i t i o n  t r a n s i e n t .  
However, once the complex i g n i t i o n  process  is completed, 
the i n t e r n a l  gas  dynamic problem of  the chamber f i l l i n g  
i n t e r v a l  is considered, This, however, should n o t  imply 
tha t  t h e  ques t ion  of the dynamic f i l l i n g  o f  a vented chamber 
by the products of s o l i d  p rope l l an t  combustion is  simple.  
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Before completing these  in t roductory  remarks, a b r i e f  
survey of  previous a n a l y t i c a l  s t u d i e s  of  i g n i t i o n  t r a n s i e n t s  
is given. The previous and c u r r e n t  i n v e s t i g a t i o n s  o f  th is  
s u b j e c t  are described e i t h e r  as t h e  study of  the i g n i t i o n  
t r a n s i e n t  i n  general  o r  the s tudy of t h e  flame spreading 
mechanism i n  p a r t i c u l a r .  

73s s tudy  of flame spreading and t h e  i l i a i t i o n  t r a n s i e n t  
w a s  s t a r t e d  i n  Pr inceton about June 1962, with t h e  doc to ra l  
thesis p r o j e c t  of  K ,  H. Parker.  The i n i t i a l  r e s u l t s  of 
t h i s  work w e r e  repor ted  i n  January 1964 i n  Reference 15. 
A r e l a t e d  p r o j e c t  was launched ear l ier  a t  Rocketdyne on 
t h e  i n i t i a t i v e  of Professor  M. Summerfield, a c t i n g  as a 
consu l t an t  t o  Rocketdyne, and this  w a s  published u l t ima te ly  
i n  Reference 11. B o t h  p r o j e c t s  w e r e  conducted on t h e  b a s i s  
of  the concepts descr ibed he re in ,  and w e r e  focused e n t i r e l y  
on flame spreading i n  a convective environment. 

An ex tens ive  research program based on s i m i l a r  concepts 
was c a r r i e d  o u t  by Fullman e t .  a l .  This was repor ted  i n  
Reference 6. 

The flame spreading over p rope l l an t s  i n  s t agnan t  
atmospheres was s tudied  a t  about the same t i m e  by McAlevy, 
e t .  a1 ,3 ,4 ,5  The spreading v e l o c i t y  w a s  found t o  be a 
func t ion  of t h e  p re s su re  and the composition o f  t h e  
surrounding atmosphere, and s teady  s ta te  v e l o c i t i e s  measured 
w e r e  found t o  be of  t h e  order  of  a b o u t 0 . 5  cm/sec. Mitchel l  
and Ryan 7 conducted f l a m e  spreading experiments i n  which 
a r e l a t i v e l y  cool  gas stream flowed paral le l :  t o  the sur face ,  
which w a s  i gn i t ed  a t  one end. Spreading v e l o c i t i e s  w e r e  
measured, and a d i f f u s e  flame f r o n t  s i m i l a r  t o  tha t  repor ted  
by Parker w a s  observed. Brown, Wirrick,  and Anderson8 pre- 
sented a theory f o r  flame spreading i n  a flowing environment. 
Energy t r a n s f e r  t o  t h e  p r o p e l l a n t  by forced convection, 
r a d i a t i o n ,  and hypergol ic  r e a c t i o n  was considered i n  con- 
junc t ion  with a cons t an t  temperature i g n i t i o n  c r i t e r i o n .  
The gas dynamic condi t ions  i n  the chamber w e r e  assumed 
prescr ibed .  

The chamber f i l l i n g  i n t e r v a l  has  been analyzed, 
assuming isothermal condi t ions  i n  the chamber i n  a s tandard 
t e x t  on rocke t  propulsion.9 Von Karman and Malina lo, re- 
laxed t h e  isothermal  assumption, bu t  t h e i r  energy equat ion 
contained an e r r o r  which i n v a l i d a t e s  t h e  r e s u l t s .  DeSoto 
and F r i e d m a d l  obtained a computer s o l u t i o n  f o r  an i so-  
thermal a n a l y s i s  of t h e  chamber, using the hypotheses 
suggested t o  them by Professor  Summerfield of success ive  
i g n i t i o n s  i n  conjunct ion w i t h  a cons tan t  temperature 
i g n i t i o n  c r i t e r i o n  f o r  a flame spreading mechanism. 
However, t h e  r e s u l t s  repor ted  are i n  numerical form and are 
for a p a r t i c u l a r  rocke t  motor design. Bradley12 considered 
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a non-isothermal rocke t  chamber, b u t  a l i n e a r  r e l a t i o n  
between flame spreading ra te  and mass burning ra te  was 
assumed. Paul and Lovine13 considered a non-isothermal 
a n a l y s i s  of the chamber b u t  no flame spreading mechanism. 
I n  a l a t e r  paper t h i s  group d id  i n s e r t  an a r b i t r a r y  flame 
spreading equat ion i n  an isothermal chamber, and t h e  r e s u l t s  
w e r e  compared t o  experimental  f i r i n g s .  

A more d e t a i l e d  d i scuss ion  of m o s t  of  tfiese papers  i s  
g iven  by Parker,  M o s t ,  and Summerfield l6,I7. The t h e o r e t i c a l  
and experimental  work a t  the Guggenheim Laboratory a t  
Pr ince ton  Universi ty  i s  discussed i n  detail. in the next  
chap te r ,  
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CHAPTER I1 

PRELIMINARY DISCUSSION 

This zeport  p r e s e n t s  an a n a l y t i c a l  extension of  the 

It w i l l  be very b e n e f i c i a l  t o  the 
theo ry  of  the i c n i t i o n  t r a n s i e n t  proposed by Parker ,  Most, 
and Summerfieldi6~17. 
ensuing ana lys i s  t o  d i s c u s s  born Yne t h e o r e t i c a l  and 
experimental  work of  Parker ,  and o u t l i n e  t h e  experimental  
program now underway a t  t h e  Guggenheim Laborator ies  of 
Pr ince ton  Universi ty .  

The Parker a n a l y s i s  considers  both t h e  chamber f i l l i n g  
process  and a flame spreading mechanism, The conservat ion 
equat ions  f o r  a low Mach, number flow i n  t h e  chamber are 
w r i t t e n  f o r  the case o f  a g a s l e s s  i g n i t e r ,  A l l  t h e  
assumptions used i n  t h i s  ana lys i s  a r e  discussed i n  the next  
chapter .  Two s e p a r a t e  cases for the  chamber f i l l i n g  process  
are discussed.  

F i r s t  the  temperature of  t he  combustion gases  is 
assumed s t r i c t l y  cons t an t ,  T h i s  implies  that  t h e r e  is no 
compressional work done on t h e  chamber gases.  Although 
th i s  i s  n o t  a r e a l i s t i c  assumption, it does provide i n  most 
cases a lower boundary f o r  t h e  temperature and p res su re  
cond i t ions  i n  an a c t u a l  rocke t  motor, The advantage i s  that  
t h e  r e s u l t i n g  d i f f e r e n t i a l  equation can be solved e x a c t l y  
i n  a n a l y t i c a l  from f o r  t he  chamber f i l l i n g  i n t e r v a l .  The 
s o l u t i o n  f o r  t h e  cons t an t  temperature case shows t h a t  the 
p r e s s u r e  approaches i t s  equi l ibr ium va lue  monotonically and 
hence, the maximum rate  of r i s e  of  p ressure  f o r  the given 
condi t ions  i s  found a t  t h e  beginning of the chamber f i l l i n g  
i n t e r v a l .  The maximum rate  of r ise poss ib l e  under a l l  
cond i t ions  i s  a l s o  determined. 

The o the r  a n a l y s i s  allows the temperature of  t h e  
combustion gases t o  vary with t i m e  -- Dynamic Temperature 
case. A system of  two simultaneous d i f f e r e n t i a l  equat ions 
are der ived.  I f  the temperature is  assumed c l o s e  t o  un i ty ,  
the r e s u l t i n g  d i f f e r e n t i a l  equation f o r  t h e  chamber p re s su re  
can a l s o  be solved,  This  s o l u t i o n  a l s o  shows tha t  p re s su re  
approaches i t s  equi l ibr igm va lue  monotonically and t h a t  the 
maximum ra te  o f  r i se  of  p re s su re  i s  a t  t h e  beginning of the 
chamber f i l l i n g  i n t e r v a l .  The s o l u t i o n s  t o  these t w o  cases 
d i f f e r  mainly by a f a c t o r  of  # , the s p e c i f i c  heat ra t io ,  
which r ep resen t s  the adiabatic compression effect  on t h e  
chamber gases.  

The flame spreading mechanism is  based on t h e  hypothesis  
of  success ive  i g n i t i o n s ,  and the i g n i t i o n  c r i t e r i o n  is  
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assumed f o r  s i m p l i c i t y  t o  be the  at ta inment  o f  a c r i t i c a l  
temperature a t  the su r face  of  t h e  gra in ,  a s  w a s  discussed i n  
t h e  previous chapter. A thermal ana lys i s  of the propel lan t ,  
along with t h e  i g n i t i o n  c r i t e r i o n  and the chamber f i l l i n g  
equat ions f o r  the dynamic temperature case, w a s  used f o r  
a numerical  s o l u t i o n  o f  t he  e n t i r e  i g n i t i o n  t r a n s i e n t .  

The  parameters used f o r  t he  numerical s o l u t i o n  i n  
Pa rke r ' s  t h e s i s  w e r e  chosen from a small  l abo ra to ry  rocket  
motor and a r e  l i s t e d  i n  Table I. A schematic drawing of 
t h i s  rocke t  motor i s  shown i n  Figure (1). The slab 
geometry, which may be thought t o  r ep resen t  a very t h i n  
wedge f r o m  a rocke t  motor with a c y l i n d r i c a l  g r a i n  whose 
web th ickness  is  s m a l l  compared t o  the r a d i u s  of curvature  
of  the inne r  su r face ,  w a s  chosen f o r  i t s  convenience i n  
d i agnos t i c  experimentation. The p rope l l an t  used has  t h e  
s teady combustion burning ra te  curve shown i n  Figure (2),  
and t h e  corresponding e - f i ~  curve i s  shown i n  Figure ( 3 ) .  
I n  keeping with the gas l e s s  i g n i t e r  assumption of  t h e  
a n a l y s i s ,  i g n i t i o n  was accomplished using a h o t  wire  i g n i t e r ;  
nichrome w i r e s  are imbedded i n  a prescribed percentage of t h e  
t o t a l  burning a r e a  a t  the head end of the rocket .  

I n  add i t ion  t o  pressure  measurements, t h e  h e a t  t r a n s f e r  
t o  the p r o p e l l a n t  w a s  measured using t h i n  f i lm  platinum 
r e s i s t a n c e  guages, and t h e  flame spreading over t h e  sur face  
was observed using high speed motion p i c u t r e s ,  The photo- 
graphic  observat ion ind ica ted  t ha t  the flame d i d  have a 
f r o n t  as a f l a m e  spreading model implies,  b u t  it was r a t h e r  
d i f f u s e ,  Q u i t e  o f t en ,  ahead of the f r o n t  t h e r e  w e r e  
occas iona l  i s o l a t e d  p o i n t s  of i g n i t i o n ,  b u t  these po in t s  
d i d  no t  appear t o  a c t  as cen te r s  of  flame propagation. 
This observat ion w a s  very s i g n i f i c a n t  because it demonstrated 
t h a t  flame spreading d i d  not star t  from an ad jacen t  po in t  o f  
f lames,  t h a t  f l a m e  spreading i s  indeed a phenomenon of 
successive i g n i t i o n s ,  each p o i n t  spr inging  t o  flame when 
i ts  su r face  reached the c r i t i ca l  value,  The presence of an 
ad jacent  f lamele t  had no effect  on t h i s  t iming. 

method of energy t r a n s f e r .  From t h e  measured p res su re  and 
t h e  assumption of no axial v a r i a t i o n  i n  t h e  chamber p r o p e r t i e s ,  
t h e  l o c a l  Reynolds number was ca l cu la t ed ,  From the output  
of  t h e  two h e a t  t r a n s f e r  gages, one loca ted  a t  the mid po in t  
of the p r o p e l l a n t  s l a b  and t h e  o the r  a t  the a f t  end, and the 
approximation t h a t  t h e  d i f f e rence  i n  temperature between 
the chamber gases  and the p rope l l an t  su r f ace  i s  cons tan t ,  
equal  t o  1600OC, t h e  Nussel t  number was c a l c u l a t e d ,  This 
r e s u l t  i s  shown i n  Figure (4) .  The  l i n e  drawn through t h e  
data p o i n t s  has  the equat ion 

The h e a t  t r a n s f e r  d a t a  suggested convection as the 
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This  equat ion corregponds t o  the h e a t  t r a n s f e r  l a w  f o r  a 
rough f l a t  p l a t e  in' a tuqb . A smooth 
f l a t  plate  would show a 9; a rough p l a t e  
would show a c o e f f i c i e  
This  empir ica l  c o i r k l a  
l o g i c a l  one and may be accepted w i t h  some degree of confidence.  
The computer r e s u & t s  presented by Parker a r e  based on t h i s  
heat t r a n s f e r  c o r r e l a t i o n .  

appears t h e r e f o r e  t o  be a 

The experimentally determined pressure  w a s  used w i t h  
t h e  t h e o r e t i c a l  chamber f i l l i n g  equations i n  order  t o  
c a l c u l a t e  an instantaneous burning area a t  each i n s t a n t  of  
t i m e ,  The r e s u l t  a t  first showed a phys ica l ly  impossible 
" a r e a  overshoot" a t  t h e  end of  flame spreading, A burning 
r a t e  modif icat ion was then introduced t o  take account of 
p r o p e l l a n t  pze-heating and t h e  re -ca lcu la ted  area-time 
curves  showed a proper terminat ion,  o r  nea r ly  so, These 
experimental  area-time curves were then compared t o  t h e  
p red ic t ed  burning a rea  vs ,  t i m e  r e s u l t s ;  a t y p i c a l  case i s  
shown in Figure (5) .  Although t h e  pred ic ted  absolu te  
t i m e s  a r e  n o t  exac t  they are of the  same order  of  magnitude 
as the spreading t i m e s  obtained from t h e  pressure  data 
and the general  shapes o f  the two curves are very s i m i l a r .  
The experimental  p re s su re  curve i n  the chamber f i l l i n g  
i n t e r v a l  i s  h igher  than  the computed pressure  curve. This 
means t h a t  t h e  a c t u a l  burning r s higher  than that 
p red ic t ed  by t h e  power l a w  Cs= . Poss ib le  causes  
of t h i s  a r e  discussed by Parker w i l l  be discussed i n  
the nex t  chapter .  

This  r e p o r t ,  a s  mentioned before, i s  a t h e o r e t i c a l  
ex tens ion  of t h e  above inves t iga t ion .  A t  p r e sen t ,  t h e  
concomitant experimental  program i s  s t i l l  i n  progress ,  
The basic rocket motor i s  t h e  same as t h a t  used by Parker.  
I g n i t i o n  is  now accomplished by a gaseous oxygen-methane 
to rch .  The characteristic of this  pyrogen i g n i t e r  i s  
d iscussed  i n  References 18, 19,  and 20  and a schematic of  
the composite system i s  shwor, i n  Figure ( 6 ) .  This exper- 
imenta l  program i s  s t i l l  i n  i t s  e a r l y  s t age ,  and t h e  r e s u l t s  
are of a prel iminary na tu re  and a re  n o t  reported here. 

However, one aspec t  of t h i s  system is  discussed,  I n  
o rde r  t o  adapt the gas to rch  t o  the  s lab rocket  motor a 
connecting channel 3/4" i n  length  is used, The forward 
end of this channel s e rves  as t h e  lead ing  edge of the 
boundary l aye r .  Hence, t h e  lead ing  edge of t h e  p r o p e l l a n t  
i s  completely submerged i n  the boundary layer .  I f  the 
boundary l a y e r  and p r o p e l l a n t  leading edges co inc ide ,  the 
empi r i ca l  h e a t  t r a n s f e r  l a w  given above states tha t  this  
p o i n t  w i l l  experience an i n f i n i t e  h e a t  t r a n s f e r  i n i t i a l l y ,  
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It should be noted h e r e  t h a t  u n t i l  h e a t  t r a n s f e r  
measurements are made w i t h  t h e  new system t h e  previously 
determined l a w  w i l l  be used. Because t h e  i g n i t e r  product 
gases of  t h e  system used i n  t h i s  r e p o r t  are considerably 
h o t t e r  than  t h e  p r o p e l l a n t  gas,  t h e  temperature i n  t h e  chamber 
changes with t i m e  as t h e  p rope l l an t  gases mix with t h e  i g n i t e r  
product gases.  This,  combined with t h e  changing temperature 
=f t h e  slab due t o  t h e  heat t r a n s f e r ,  meant tha t  a constant  
temperature d i f f e r e n c e  between t h e  p rope l l an t  s l a b  and t h e  
chamber gases could no t  be assumed. This i s  discussed 
f u r t h e r  i n  a la ter  sec t ion .  
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CEWPTER III 

'IZHEORETSCAL DEVELOPMENT 

I n  t h e  previous chapter  a general  d i scuss ion  of t h e  
i g n i t i o n  t r a n s i e n t  w a s  presented. In p a r t i c u l a r ,  t h e  
t h e o r e t i c a l  work of Parker and the  experimental  work of 
Parker and Most w e r e  d iscussed i n  some d e t a i l .  I n  t h e  
p r e s e n t  chapter  t h e  b a s i c  theory presented r e c e n t l y  by 
Parker,  Most, and ~ u ~ m e r f ~ e l d l 7  is  extended t o  t h e  cases 
where an e x t e r n a l  m a s s  source serves  as an i g n i t i o n  s t i m -  
u l u s .  The mass source employed i s  c h a r a c t e r i s k i c  of 
pyrogen type i g n i t e r s ,  

ER F I L L I N G  

The gas dynamic equat ions governing the chamber f i l l i n g  
process are discussed first, These equations not only 
describe the ch er f i l l i n g  interval.  f u l l y ,  b u t  they a l s o  
se t  t h e  environment f o r  t h e  induct ion and flame spreading 
i n t e r v a l s ,  Eence, it is extremely important t o  understand 
t h e  chamber f i l l i n g  process  before  attempting t o  describe 
the o ther  processes which occur during t h e  genera l  i g n i t i o n  
t r a n s i e n t ,  

The chamber f i l l i n g  process  is, i r s  genera l ,  a complex 
problem which does no t  lend i t s e l f  t o  a d e t a i l e d  ana lys i s .  
By consider ing c e r t a i n  s p e c i a l  cases ,  a good deal of know- 
ledge  about t h e  general pro$lern can be ga ined ,  The 
assumptions lead ing  t o  these  s impl i f ied  cases must be 
checked by d i a g n o s t i c  experiments, and the u l t i m a t e  r e s u l t s  
of  the theory must agree wFkh the experimental  r e s u l t s ,  

It i s  extremely h e l p f u l  i n  t h e  ana lys i s  of t h e  chamber 
f i l l i n g  process  t o  d e f i n e  t h e  cont ro l  volume as t h e  free 
volume of the rocket  chamber. The assumption t h a t  t h e  
th ickness  of the f l a m e  above the prope l l an t  fs sinafl compared 
t o  t h e  dimensions of the combustion chamber i n s u r e s  a 
r e a c t i o n  f r e e  c o n t r o l  volume, These are cases when t h i s  
assumption is n o t  v a l i d ,  I n  p a r t i c u l a r ,  when t h e  p rope l l an t  
con ta ins  m e t a l  a d d i t i v e s  t h e  combustion process  is carried 
thoughout the combustion chamber. By assuming t h a t  t h e  
convergent s e c t i o n  of  the nozzle is s h o r t  compared t o  t h e  
l e n g t h  of the rocke t  chamber, t he  c o n t r o l  volume w i l l  contain 
only n e g l i g i b l e  nozzle  effects,  Extreme care must be 
exercised when the following ana lys i s  is appl ied  t o  cases 
where these assumptions are v io l a t ed  - 
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A s  the p r o p e l l a n t  burns t h e  chamber f r e e  volume i s  a l -  
tered, and hence, t h e  defined cont ro l  volume v a r i e s  with 
t i m e .  Depending on t h e  g ra in  design, t h e  instantaneous 
burning a rea  may a l s o  vary with t i m e  even a f te r  flame 
spreading i s  complete. Since the  t o t a l  t i m e  f o r  the i g n i t i o n  
t r a n s i e n t  i s  r a t h e r  s h o r t ,  and s ince  t h e  burning r a t e s  of 
many p rope l l an t s  are r e l a t i v e l y  l o w ,  t he  inc rease  i n  
chamber volume and t h e  change i n  burning a r e a  a f t e r  comple- 
t i o n  of f l a m e  spreadin9 a r e  neg l ig ib l e  during the  chamber 
filling i n t e r v a l .  During the induct ion and t h e  flame 
spreading i n t e r v a l s  t h e  chamber volume may be considered 
cons tan t ,  bu t  the burning a rea  is  a d e f i n i t e  funct ion of  
t i m e ,  

1. MOMENTUM EQUATIONS 

The momentum equat ions f o r  
d 

In  some s o l i d  propellant rocke t  

t h e  defined con t ro l  volume i s  

motors t h e r e  is a l o w  Mach 
number flow i n  the combustion chamber a t  the s ta r t ,  and 
hence g rad ien t s  i n  chamber pressure  a r e  neg l ig ib ly  small .  
For high performance rocke t  motors w i t h  s m a l l  port-to- 
t h r o a t  a r e a  r a t i o s ,  the assumption of low Mach number is 
taken h e r e  a s  an approximation, An order  of  magnitude 
ana lys i s  of t h e  momentum equation c lear ly  shows t h e  range 
of v a l i d i t y  of t h i s  approximation. 

Se lec t ing  a characteristic chamber dimension xr& and 
a characteristic t i m e  t e r c p  so t h e  dimensionless q u a n t i t i e s  
are: 

The momentum equat ion (one dimensional f o r  convenience 
i n  n o t a t i o n )  i n  dimensionless form is 

Assuming a p e r f e c t  gas; 
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Hence each t e r m  on the  r i g h t  hand s i d e  of t h e  equat ion can 
be w r i t t e n  i n  t e r m s  of t h e  Mach number, M . 

For l o w  Mach number f l o w s  it can be concluded t h a t  

2 .  CONTINUITY EQUATION 

The law of m a s s  con t inu i ty  f o r  the combustion chamber 
c o n t r o l  volume, i n  genera l ,  i s  

where 

mL = ins tan taneous  chamber m a s s  

6.d = 

7-5‘’ = 

t o t a l  ra te  of  m a s s  .flow through the nozzle 

sources  of  mass flow 
* 

There are two sources  supplying m a s s  t o  the c o n t r o l  volume. 
The burning p r o 2 e l l a n t  can be represented by an o v e r a l l  m a s s  
burning r a t e ,  , an$ t h e  i g n i t i o n  system i n j e c t s  m a s s  i n t o  
the system a t  a ra te  ?Yl Hence c o n t i n u i t y  becomes : 

111-1 
The m a s s  generated by the i g n i t e r  depends e n t i r e l y  upon the 
p r o p e r t i e s  of the given i g n i t i o n  system, thus  making a 
genera l  a n a l y s i s  impossible.  However, given the i g n i t e r  
spec i f i ca t ions ,  it should be poss ib l e  t o  p r e d i c t  t h e  i g n i t i o n  
t r a n s i e n t  for a s p e c i f i c  rocke t  motor-. 
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3 .  ENERGY EQUATION 

S ince  t h e  n a t u r e  of t h e  f l o w  i n  t h e  combustion chamber 
i s  t u r b u l e n t ,  the a n a l y s i s  i s  based on the assumption t h a t  
the temperature  g r a d i e n t s  i n  t h e  c o n t r o l  volume are negl i -  
g i b l y  s m a l l .  This has  been c a l l e d  i n  the l i t e r a t u r e  the 
"we l l - s t i r r ed  combustor" assumption, b u t  c l e a r l y  t h e r e  is  
no such s t i r r i n g  h e r e ,  where one dimensional f l o w  is  
assumed t o  p r e v a i l .  However, t h e  uniform temperature as- 
sumption is  expected t o  be a f a i r l y  good approximation 
app l i cab le  to m o s t  r ocke t  motors. For t h e  very l a r g e  
motor a d e t a i l e d  a n a l y s i s  inc luding  the effects o f  t h e  
g r a d i e n t s  of  p r e s s u r e  and temperature must be made. 

Conservation of energy i n  the combustion chamber con t ro l  
volume is  

Since t h e  flame zone i s  assumed t h i n  and the c o n t r o l  
volume is def ined  t o  exclude th i s  flame zone, there i s  no 
heat r e l e a s e  due t o  chemical r e a c t i o n  i n  the c o n t r o l  
volume. The h e a t  a d d i t i o n  t e r m  i n  t h e  energy equat ion 
r e p r e s e n t s  t h e  h e a t  l o s s  t o  the chamber w a l l s  and the  
nozzle.  Both t h e  h e a t  add i t ion  and the  body work wi th in  
the c o n t r o l  volume are assumed n e g l i g i b l e  when compared 
t o  o t h e r  t e r m s  i n  energy equation. 

The energy equat ion  i s  rearranged so t h a t  t h e  i n t e r n a l  
energy i s  expressed i n  t e r m s  of t h e  enthalpy.  

I f  t h e  product  gases  or' s o l i d  p r o p e l l a n t  combustion 
are assumed c a l o r i c a l l y  p e r f e c t ,  then  t h e  enthalpy of the 
c o n t r o l  volume is  a func t ion  of  t h e  temperature  alone, 
This assumption could only  be v a l i d  if a t h i n  flame zone 
is  also assumed. W i t h  p r o p e l l a n t s  that  c o n t a i n  m e t a l  ad- 
d i t i v e s  such as aluminum, t h e  r e a c t i o n  zone would be 
d i s t r i b u t e d  throughout the combustion chamber. Under these 
circumstances the gases would n o t  be c a l o r i c a l l y  p e r f e c t  
nor would t h e  heat a d d i t i o n  t e r m  i n  t h e  energy equat ion be 
n e g l i g i b l e .  
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Recal l ing t h e  d i scuss ion  concerning the momentum 
equat ion,  t h e  low Mach number flow i n  t h e  chamber leads 
t o  the conclusion that t h e  ve loc i ty  t e r m  is n e g l i g i b l e  
compared t o  the enthalpy,  The reasoning is simply, 

hence 

U z  (< c P T =  h (See foo-note delow) 

From these assumptions the  energy equat ion s i m p l i f i e s  
t o  

Using the condi t ion  V p  = 0 and PT = 0 , this equat ion 
can be i n t e g r a t e d  d i r e c t l y .  When i n t e g r a t i n g  about the 
su r face  of the c o n t r o l  volume, it is necessary t o  assume 
that  t h e  f l a m e  zone is  col lapsed ,  i.e., t h e  products  of  
solid p r o p e l l a n t  combustion en te r ing  t h e  c o n t r o l  volume, +b. , are a t  the a d i a b a t i c  flame temperature,  5 . 
It is assumed f u r t h e r  that  the composition o f  the i g n i t e r  
gas  is the same as t h e  s o l i d  p rope l l an t  product  gas;  t h i s  
assumption is  used t o  s impl i fy  the ana lys i s ,  otherwise a 
t h i r d  equat ion must be introduced to account for the 
mixing of two gases  of  d i f f e r e n t  compositions.  The re- 
s u l t a n t  energy equat ion i s  

Using t h e  p e r f e c t  gas l a w  and t h e  r e l a t i o n  rSr, 
Equation 111-3 can be rearranged t o  y i e l d  

Actual ly ,  h she . I f  w e  t ake  cp as cons tan t  
i n  the range of i n t e r e s t ,  then h = cpT+(h,-cpp‘J1;) . The 
t e r m  i n  parentheses  vanishes  i n  t h e  next  s t e p  when the con- 
t i n u i t y  equat ion i s  appl ied.  
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Now i f  t h e  c o n t i n u i t y  equation f o r  t h e  c o n t r o l  volume, 
Equation 111-1, is mul t ip l i ed  by T, and sub t r ac t ed  from 
Equation 111-4; mu l t ip l i ed  by Y , t h e  energy equat ion f i n a l l y  
can be w r i t t e n  i n  t h e  ‘form 

Ifl;lband A,, are expressed as funct ions of  chamber pressure  
and chamber temperature,  a l l  i g n i t e r  p r o p e r t i e s  and char- 
a c t e r i s t i c s  are known, and proper i n i t i a l  condi t ions  a r e  
s p e c i f i e d ,  then Equations 111-1 and 111-5 form a system of 
equat ions w h i c h  can be used t o  so lve  the chamber condi t ions.  

T h e  nozzle  i s  assumed choked throughout the e n t i r e  
i g n i t i o n  t r a n s i e n t .  This i s  not  p r e c i s e l y  t r u e .  The 
nozzle w i l l  be choked a f t e r  the chamber reached a pressure  
l e v e l  which i s  approximately t w i c e  the back p res su re ,  
Since this occurs  very e a r l y  i n  the chamber f i l l i n g  process,  
the assumption o f  a choked nozzle is  made f o r  a l l  t i m e s ,  I5 
it i s  assumed f u r t h e r  t ha t  t h e r e  i s  i s e n t r o p i c  flow i n  the  
convergent s e c t i o n  of  the nozzle,  then t h e  mass flow through 
the nozzle  is  

The m a s s  burning ra te  of the  p r o p e l l a n t  depends mainly 
upon which l a w  f o r  burning is used ,  The burning r a t e  is  a 
complex func t ion  of  pressure ,  r a t e  of change o f  pressure ,  
gas v e l o c i t y  over the p rope l l an t  sur face ,  temperature 
d i s t r i b u t i o n  i n  t h e  p rope l l an t ,  etc. There e x i s t s  no 
general  burning r a t e  l a w .  From s t u d i e s  on s teady  combus- 
t i o n  of s o l i d  p r o p e l l a n t s ,  steady state burning l a w s  do 
e x i s t ,  b u t  nothing s u b s t a n t i a l  e x i s t s  f o r  combustion under 
t r a n s i e n t  condi t ions .  A burning rate equat ion under 
c e r t a i n  condi t ions  of  t r a n s i e n t  pressure  is  discussed 
below and der ived i n  Appendix I. For the p resen t ,  however, 
the simple power l a w  is  assumed adequate. 

The cons tan t s  -16 and 71 are empir ica l ly  determined from the 
steady combustion of the propel lan t .  The m a s s  burning r a t e  
i s  t h e r e f o r e  
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The m a s s  flow from the  i g n i t e r  can be simply a . g e n e r a l  
func t ion  of  t i m e ,  which goes t o  zero  a t  some s p e c i f i e d  t i m e ,  
I n  an e f for t  t o  desc r ibe  a p r a c t i c a l  i g n i t e r  system, the  
i g n i t e r  m a s s  source t e r m  w i l l  c h a r a c t e r i z e  t h e  pyrogen 
i g n i t e r  developed by Grant18 and used by Most a t  t h e  
Guggenheim La.boratories of  Pr inceton Universi ty .  A schematic 
drawing of  the system used by Most i s  shown i n  Figure (6) .  
The ope ra t iona l  c h a r a c t e r i s t i c  of t h i s  gas torch  is, f o r  the 
t imes considered i n  t h e  i g n i t i o n  t r a n s i e n t  of t h e  s o l i d  
p r o p e l l a n t  rocke t  motor, approximately a square wave output  
i n  t e r m s  of  m a s s  flow, i .e. ,  it i s  assumed t h a s  the  gas  
t o rch  reaches i t s  steady s t a t e  instantaneously.  Hence, 
t h e  nozzle  of the i g n i t e r  i s  assumed t o  be choked through- 
o u t  i t s  opera t ion ,  The mass f l o w  w h i c h  e n t e r s  t h e  solid 
p r o p e l l a n t  combustion chamber i s  t h e r e f o r e  given by 

Again it must be s t a t e d  t h a t  -the'composition of t h e  i g n i t e r  
gas  is  t h e  same a s  t h e  products of s o l i d  p rope l l an t  com- 
bus t ion .  The func t ion  F(k)contaips the cut-off c r i t e r i o n  for 
t h e  i g n i t e r .  It i s  assumed t h a t  t h e  capaci tance of the 
i g n i t e r  chamber does n o t  induce any back flow from t h e  
main rocke t  chamber a f te r  i g n i t e r  cu t -of f .  A l s o  the chamber 
condi t ions  i n  the rocket  chamber a r e  assumed t o  have no 
e f fec t  on the i g n i t e r  mass flow. Hence, t he  mass source 
cha rac t e r i zed  a very i d e a l  pyrogen type i g n i t e r .  

S u b s t i t u t i n g  these  expressions f o r  t he  ind iv idua l  mass 
flow i n t o  the con t inu i ty  equation, Equation 111-1 becomes 

Using the p e r f e c t  gas law and t h e  assumption t h a t  changes i n  
the c o n t r o l  volume a r e  n e g l i g i b l e  during the  i g n i t i o n  
t r a n s i e n t ,  c o n t i n u i t y  becomes 

The i g n i t e r  w i l l  genera l ly  c u t  o f f  before  gquilibrium con- 
d i t i o n s  a r e  a t t a i n e d .  (Series D i s  an except ion,)  When 

71 k(@%-)=o and equi l ibr ium i s  reached, 
dt: s,= A, , and con t inu i ty  

i 

111-6 

ramp func t ion  f o r  example--or it can be a d e t a i l e d  curve f i t t e d  
t o  the i g  n i t e r  m a s s  flow of an experimental  i g n i t e r  f i r i n g .  
A r b i t r a r i l y  w e  have chosen a square wave f o r  th is  p a r t i c u l a r  
s tudy . 
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where 

r 
At this stage of the analysis it is convenient to 

write the governing equations in dimensionless form, From 
the f o r m  of the conservation equations the most convenient 
form of the dimensionless variables are: 

p = -  -e r= -- 7- 

P =t 7;- 
3 

The characteristic time 
residence time of a gas 

b 

t* is chosen porportional to the 
particle in the chamber Ld/c# 

tX=  p 
P C* 

Continuity and energy assume the dimensionless form 

d T  

less equations -- one €or the pressure-derivative and the 
other for the temperature derivative; 

111-7 
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The presence o f S ( 2 ) i n  these  equat ions makes a genera l  
s o l u t i o n  i m  s i b l e .  A m o  l e d  a n a l y s i s  of t h e  in-  
t e r a c t i o n  a an i g n i t i o n  n w i l l  combine t o  y i e l d  
the func t ion  S ~ T )  . This ana lys i s  i s  performed below. 

A s  a note  of i n t e r e s t ,  here the effect  of an over- 
d u r a t i o n  i g n i t e r  can be seen,  For the simple case of 
TL = 1 , then t h e  f i n a l  e u i l i b r ium condi t ion  is 
fo%d by s e t t i n g  and equal  t o  zero i n  
Equations 111-7 and 111-8. The equat ions become 

T =  f 
-;ko-p" = 

This effect  is discussed i n  t h e  subsequent chapter  on t h e  
r e s u l t s  o f  the c a l c u l a t i o n s  

4. TEE CHAMBER F I L L I N G  INTERVAL 

During t h e  chamber f i l l i n g  i n t e r v a l  S (2.) i s  , by 
d e f i n i t i o n ,  un i ty .  The conservat ion equations become 

flame spreading is  completed. 
when the i g n i t e r  du ra t ion ,  f o r  some reason, is  prolonged. 

These equat ions a r e  app l i cab le  

The more common cases a r e  described by 

(p" - 

This system w a s  i nves t iga t ed  ex tens ive ly  by Parker.  
Since t h e  r i g h t  hand s i d e  of these equat ions does not  
c o n t a i n  e x p l i c i t y ,  a s i n g l e  d i f f e r e n t i a l  equation can 
be considered. 

d r  
- 
c 39- 

7- 
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A phase p lane  ana lys i s  of  t h i s  d i f f e r e n t i a l  equation is 
shown i n  Figure ( 7 ) .  For most phys ica l ly  r e a l i z a b l e  con- 
d i t i o n s  a t  t h e  beginning o f  chamber f i l l i n g  t h e  temperature 
i s  near  and s l i g h t l y  above u n i t y  and the  pressure  i s  re,l- 
a t i v e l y  low, t h e  p re s su re  and temperature w i l l  both approach 
u n i t y ,  t h e  equi l ibr ium condi t ions ,  and t h e r e  w i l l  be no 
p r e s s u r e  overshoots.  

of the dev ia t ion  of the dimensionless temperature from 
un i ty .  Assuming temperature can be expressed as 

A s o l u t i o n  can be obtained t o  Equations 311-8 t o  order  

7-= / + o  
w h e r e  B i s  a s m a l l  number, then to order  8 Equations 111-9 
reduce t o  

T h i s  is the Bernoul l i  d i f f e r e n t i a l  equation f o r  which an 
a n a l y t i c a l  s o l u t i o n  i s  known. Hence t o  o r d e r , @  , 

T h i s  i s  a monotonically inc reas ing  funct ion of t i m e .  A f t e r  
examining the d i f f e r e n t i a l  equat ion,  t he  maximum i s  
seen t o  occur a t  the beginning o f  t h e  chamber f i l l i n g  
i n t e r v a l .  The maximum ra te  of r ise of pressure  p o s s i b l e  i s  
found by a s t ra ight forward  d i f f e r e n t i a t i o n  process:  

This r e s u l t  is only valid t o  order  8 (. It i s  expected 
t h a t  8 remains s m a l l  i n  many app l i ca t ions .  

5 .  DYNAMIC BURNING RATE 

The previous ana lys i s  is  based on the assumption t h a t  
burning ra te  obeys t h e  s teady  s t a t e  power l a w  I&= #k& This 
is  probably a good f irst  approximation, bu t  t h e  comparison 
o f  experimental  and t h e o r e t i c a l  r e s u l t s  of Parker i n d i c a t e s  
t h a t  the burning ra te  law needs modification. 

Recent e f f o r t s  t o  c h a r a c t e r i z e  t h e  response of s o l i d  
p r o p e l l a n t  burning t o  r ap id  depressur iza t ion21 and r ap id  
p r e s s u r i z a t i o n 2 2  have shown t h a t  t h e  quasi-steady burning 
l a w  is  n o t  s u f f i c i e n t l y  accura te  t o  descr ibe  the burning 



20  

r a t e  dur ing  a p res su re  t r a n s i e n t ,  Von E l b e ' s  i n t e g r a l  
a n a l y s i s  (based on an i n c o r r e c t  d e r i v a t i o n )  i n d i c a t e s  a 
s i g n i f i c a n t  change i n  burning rate for r e l a t i v e l y  h igh  
rates of p re s su re  change. 
t i o n  techniques,  cor rec ted  t h e  von E l b e  r e s u l t s  by a 
f a c t o r  of  1/2 and obtained a range of  v a l i d i t y  f o r  t h e  
formula.  The phys ica l  models used i n  n e i t h e r  o f  t hese  
ana lyses  made any allowance f o r  t h e  energy u t i l i z e d  o r  
l i b e r a t e d  by t h e  vapor iza t ion  of t h e  p rope l l an t .  The exac t  
problem o f  non-steady burning with no l i m i t s  6n the pres-  
s u r e  v a r i a t i o n  has no t  y e t  been showed. However, P a r k e r ' s  
s m a l l  p e r t u r b a t i o n  ana lys i s ,  d e s p i t e  i t s  l i m i t a t i o n s  and 
s i m p l i f i c a t i o n s ,  i s  adequate f o r  t h e  purpose of i nd ica t ing  
how l a r g e  a ra te  of  p re s su re  change can be permitted without 
modifying the burning r a t e  l a w s ,  

P a r k e d 6 ,  using small per turba-  

The non-steady burning r a t e  a n a l y s i s  of  the p rope l l an t  
i s  performed i n  Appendix I. T h i s  a n a l y s i s  assumes t h a t  t h e  
p r e s s u r e  t r a n s i e n t  does n o t  a f f e c t  t h e  combustion c h e m i s t r y  
of t h e  s o l i d  p rope l l an t ;  t h e  flame temperature and surface 
temperature of the p r o p e l l a n t  a r e  assumed constant .  Under 
these circcmstances the n e w  burning ra te  equation, t o  t h e  
o r d e r  of t h e  squa re  of t h e  dimensionless pressure  de r iva t ive ,  
i s  

r 1 

where @ , t h e  h e a t  of  py ro lys i s ,  i s  p o s i t i v e  f o r  an endothermic 
p rocess ,  and 7$ =&e" is t h e  s teady burning l a w .  I f  th is  
equat ion  is  s u b s t i t u t e d  i n t o  the  c o n t i n u i t y  and energy equa- 
t i o n ,  t h e  r e s u l t a n t  equat ions r ep resen t  t h e  next  order  of  
s o p h i s t i c a t i o n  i n  the chamber f i l l i n g  ana lys i s .  This 
c o r r e c t i o n  parameter becomes s i g n i g i c a n t  f o r  values '  of 
( d p / . e )  
i n v e s t i g a t i o n .  Thus, t h e  added complexity i n  order  t o  gain 
accuracy i s  n o t  necessary.  However, f o r  cases  of extremely 
h igh  rates of  pressure  r i se  the burning r a t e  co r rec t ion  
should be used. 

which are much h ighe r  than those encountered i n  th i s  

I f  t h e  depth of t h e  thermal wave pene t r a t ing  t h e  
p r o p e l l a n t  during the pre-heating per iod is  s i g n i f i c a n t  
compared t o  the depth of p r o p e l l a n t  burned during the t i m e  
from i g n i t i o n  t o  equi l ibr ium, then during t h e  i g n i t i o n  
t r a n s i e n t ,  burning occurs i n  l a y e r s  of p rope l l an t  which w e r e  
preheated.  Hence, t h e  i n i t i a l  temperature d i s t r i b u t i o n  daes 
a f f e c t  the burning r a t e  during the i g n i t i o n  t r a n s i e n t ,  This 
w a s  c l e a r l y  i l l u s t r a t e d  by the r e s u l t s  of P a r k e r ' s  i n v e s t i -  
g a t i o n ,  I n  o rde r  t o  determine t h i s  effect  on the p r o p e l l a n t  
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burning r a t e ,  a d e t a i l e d  knowledge of  t h e  h e a t  t r ans fe r .  
p r i o r  to i g n i t i o n  must be known. Since a general  a n a l y s i s  
of the e f f e c t  of  t h e  i n i t i a l  temperature d i s t r i b u t i o n  upon 
t h e  burning r a t e  does n o t  e x i s t ,  Parker r e so r t ed  t o  a 
r e l a t i o n s h i p  of t h e  form; 

where 6 i s  a cons tan t  w i t h  u n i t s  of r ec ip roca l  degrees ,  
and LIT i s  the  i n i t i a l  temperature s u p e r i o r i t y  o f  the l a y e r  
of  p r o p e l l a n t  over t h a t  f o r  which Pss w a s  determined. 

$ 

I n  extreme cases  t h e  pre-heating mechanism can cause 
a very high burning ra te  during pressure e q u i l i b r a t i o n .  
The o v e r a l l  r e s u l t  might be a type of pressure  overshoot 
sometimes observed i n  p r a c t i c a l  rocket  motors. This type 
of  overshoot i s  d i s t i n c t  from overshoots caused by over- 
s i z e d  i g n i t e r s .  The l a t t e r  type of overshoot can be pre- 
d i c t e d  even with the s teady s t a t e  burning law. 

B. FLAME SPREADING 

I n  t h e  previous d iscuss ion  only t h e  chamber f i l l i n g  
process  is considered. Analy t ica l  and numerical s o l u t i o n s  
of Equations 111-9 are poss ib l e  only during the chamber 
f i l l i n g  i n t e r v a l .  P r i o r  t o  t h i s  i n t e r v a l  a l l  the effects 
of the flame spreading process  e n t e r  the  problem through 
t h e  parameter S , t he  instantaneous burning area.  This 
s e c t i o n  i s  devoted t o  a d i scuss ion  and ana lys i s  of  th i s  
process .  

A s  explained i n  Chapter 1, the process of f l a m e  spread- 
ing  i s  as follows: When t h e  i g n i t e r  i s  f i r e d ,  energy i s  
t r a n s f e r r e d  t o  t h e  sur face .  Eventually, some por t ion  of the 
s u r f a c e  i s  ign i t ed ,  The newly i g n i t e d  p rope l l an t  burns and 
combines w i t h  the i g n i t e r  gas t o  e s t a b l i s h  new condi t ions  of 
energy t r a n s f e r  t o  t h e  remaining unigni ted po r t ion  o f  the 
su r face .  This new energy t r a n s f e r  se rves  t o  i g n i t e  more 
elements of t h e  surface.  This process  continues u n t i l  t h e  
e n t i r e  su r face  i s  i g n i t e d ,  The hypothesis  of successive 
i g n i t i o n  states that t h e  spreading process is simply the 
success ive  i g n i t i o n  of ad jacent  elements of  t he  sur face .  The 
i g n i t i o n  of each element of  su r f ace  r e s u l t s  f r o m  t h e  energy 
t r a n s f e r  from the  gas flowing i g n i t e r  from the  i g n i t e r  and 
from t h e  previously i g n i t e d  p rope l l an t  upstream, n o t  from 
t h e  ad jacen t  flame f r o n t ,  

Based on t h i s  hypothesis ,  flame spreading can be de- 
termined from a knowledge of t h e  energy t r a n s f e r  t o  t h e  
p r o p e l l a n t  and an i g n i t i o n  c r i t e r i o n .  Since the i g n i t i o n  
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of a s i n g l e  element of p r o p e l l a n t  is  a very complex process ,  
a very  na ive  approach i s  taken t o  t h e  i g n i t i o n  c r i t e r i o n ;  
it i s  assumed t h a t  t h i s  c r i t e r i o n  is  simply the at ta inment  of 
a c r i t i c a l  temperature a t  t h e  su r face  of t h e  p rope l l an t .  
This i s ,  as Parker po in t s  o u t ,  a t  best ,  a f irst  approximation 
t o  t h e  a c t u a l  i g n i t i o n  c r i t e r i o n ,  

Using the simple c r i t e r i o n ,  a temperature-time h i s t o r y  
will determine t h e  t ime-to- igni t ion f o r  each element of the  
p r o p e l l a n t  surface.  Hence, a thermal ana lys i s  of  t h e  pro- 
p e l l a n t  w i l l  genera te  t h e  func t ion  s 1 2 )  and the chamber 
f i l l i n g  equat ion can be solved,  

The h e a t  conduction equat ion i n  the s o l i d  is ,  i n  genera l ,  

S ince  the thermal conduct iv i ty  of a s o l i d  p r o p e l l a n t  is  very 
smalls t h e  depth of thermal pene t r a t ion  is  also very small .  
Hence, curva ture  e f f e c t s  of  t h e  p rope l l an t  can be neglected 
and t h e  p r o p e l l a n t  can be assumed semi - in f in i t e  i n  thickness .  
The thermal g rad ien t  i n  t h e  axial d i r e c t i o n  is r e l a t i v e l y  
s m a l l ,  hence,  conduction i n  t h i s  d i r e c t i o n  can be neglected.  
It i s  assumed f u r t h e r  t h a t  t h e r e  are no r eac t ions  i n  t h e  
s o l i d ,  and t h e  p r o p e l l a n t  i s  i n i t i a l l y  a t  a uniform t e m -  
p e r a t u r e  7, . Under these  circumstances,  the heat con- 
duc t ion  equation and the boundary and i n i t i a l  condi t ions  are 

t = o  3 5=7;; 
y - - J  T- P -76 111-10 

where X is  t h e  coord ina te  i n  the a x i a l  d i r e c t i o n ,  and y i s  
the coordinate  normal t o  the p rope l l an t  sur face .  
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Expressing these  equat ions i n  dimensionless f o r m  using 
t h e  c h a r a c t e r i s t i c  dimensions of  t h e  chamber f i l l  process;  

whereR = length of t he  p r o p e l l a n t  gra in ,  and 

* A =  i""+) A= r"L* 

..ri = 7h 
f = x/R 

Tp = +/% 
I n  order  t o  w r i t e  the boundary condi t ion f o r  t h e  f l u x  

a t  t he  su r face  of t he  propel lan t ,  the  empir ical  h e a t  t r a n s f e r  
c o r r e l a t i o n  determined by Parker i s  used: 

0.8 
lllu x = o.oqRe, 

The h e a t  t r a n s f e r  law is  based on a chamber gas stream t h a t  
i s  uniform i n  the  a x i a l  d i r e c t i o n ,  From cons idera t ions  of  
c o n t i n u i t y  of mass, the m a s s  flow p a s t  a -g iven  a x i a l  s t a t i o n  
x can be w r i t t e n ;  

e 0 

Y-7 = mM f 1 -x  d m ,  
R At- 

T h i s  equat ion app l i e s  only t o  a s t a t i o n  % t h a t  l i e s  down- 
stream of the  inssantaneous flame f r o n t ,  t h a t  is, t o  an 
unigni ted  s t a t i o n .  Using the p e r f e c t  gas law, and t h e  
assumption of  a choked nozzle  (where the flow i n  t h e  con- 
vergent  s e c t i o n  of t h e  nozzle  i s  i s e n t r o p i c ) ,  t h i s  mass 
flow equat ion becomes 

"The second t e r m  i n  this  equat ion r ep resen t s  the mass 
which flows over t he  s t a t i o n  X b u t  which is s t o r e d  i n  the  
chamber volume besween s t a t i o n  Xand the  nozzle.  
be added t o  the VI,,, t e r m .  

Thus it must 
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Hence, t h e  m a s s  flow p e r  u n i t  a r ea  is  known, and using 
Equation 111-11 the heat t r a n s f e r  i s  a l s o  known. The 
d i s c u s s i o n  i n  chapter I1 explained t h a t  t h e  lead ing  edge of 
the boundary l a y e r  i s  a d i s t a n c e  ''a" ahead of t h e  l ead ing  
edge of  t h e  p rope l l an t ,  t h e  % s o '  poin t .  I n  applying t h e  
empirical h e a t  t r a n s f e r  c o r r e l a t i o n , t h e r e  must be a t r ans -  
formation of a x i a l  d i s t ance ;  

Hence, t h e  f i n a l  boundary condi t ion  becomes: 

where 

Assuming t h a t  there i s  no s i g n i f i c a n t  pre-heating of t h e  
p r o p e l l a n t  so t h a t  the assumption of a uniform i n i t i a l  
temperature i n  the s o l i d  i s  v a l i d ,  Equation 111-10 to- 
gether w i t h  i t s  boundary condi t ions  can be transformed i n t o  
an i n t e g r a l  equ ion ,  A s tandard technique, known as the 
Four i e r  Cosine t e g r a l  i s  used; 
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When a given element o f  su r f ace  at s - ta t ion  4 has  
reached the cond i t ion  a t  t i m e  rz4 such that  

then  t h i s  element of  s u r f a c e  is  s a i d  t o  i g n i t e .  The 
p a r t i c u l a r  t i m e  Z+ a t  w h i c h  t h e  4 element of su r face  
(the l ead ing  edge) i g n i t e s  i s  known as t h e  induc t ion  t i m e  
TSNi7. 
the i g n i t e r  a lone,  and it i s  a constant, assuming a square 
wave i g n i t e r  input .  

. P r i o r  t o  t h i s  t i m e ,  t h e  flow i n  t h e  chamber i s  from 

Assuming t h a t  T-G&7,q*)is a cons tan t  and equal  t o  t h e  
average temperature d i f f e r e n c e  i n  t h i s  t i m e  i n t e r v a l ,  the 
induct ion  t i m e  can be est imated as 

o r  

& /  Lh7 7;i 1.6 + Equation 111-13 toge the r  with the i g n i t i o n  c r i t e r i o n  
and Equation 111-9 f o r m  a system of  equat ions s u f f i c i e n t  t o  
desc r ibe  t h e  i g n i t i o n  t r a n s i e n t  i n  s o l i d  p r o p e l l a n t  rocke ts .  
These equat ions ,  however, do no t  lend themselves t o  an exac t  
a n a l y t i c a l  so lu t ion .  Numerical s o l u t i o n s  are obtained from 
a d i g i t a l  computer. The d e t a i l s  o f  t he  numerical scheme are 
presented  i n  Appendix 11. c 

By phys ica l  reasoning and in spec t ion  of t h e  dimensionless 
groups and equat ions,  genera l  t r ends  of  t h e  s o l u t i o n  of  the 
chamber f i l l i n g  process  can be an t i c ipa t ed :  

i nc reases  with : 
(flame spreading)  t 

decreas ing  A u L s =  

i nc reas ing  77 

i n c r e a s i n g  2/ 



26 

decreases  with: 

‘(induction) 

inc reas ing  

increas ing  4% 8 
i nc reases  with : 

t (chamber f i l l i n g  ) 

i nc reas ing  t” 
increas ing  rl 

decreas ing  d 

and f S E r  i t s e l f  decreases  with:  

i nc reas ing  A % B  

These t r ends  w i l l  be shown i n  the r e s u l t s  of t h e  numerical 
s o l u t i o n s  t o  the chamber f i l l i n g  equations.  
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CHAPTER IV 

DISCUSSION OF RESULTS 

I n  t h e  previous chapter  a series of equat ions w e r e  
developed, which are s u f f i c i e n t  t o  determine t h e  flame 
spreading r a t e  and t h e  chamber p r o p e r t i e s  throughout t h e  
e n t i r e  i g n i t i o n  t r a n s i e n t ,  provided s u i t a b l e  i n i t i a l  con- 
d i t i o n s  a r e  s p e c i f i e d .  These equations,  even under t h e  
s imples t  condi t ions  of  i g n i t e r  m a s s  flow, do n o t  lend 
themselves t o  a n a l y t i c a l  so lu t ion ,  However, t h i s  simple 
c a s e  does demonstrate t h e  method of approach t o  t h e  general  
i g n i t i o n  t r a n s i e n t  problem. These equat ions are repeated 
here f o r  ease o f  discuss ion .  

The Equations 111-7 and 111-8 governing t h e  chamber 
f i l l i n g  process are: 

w h e r e  Fit) con ta ins  t h e  i g n i t e r  cut-off  c r i t e r i o n .  The 
i n t e g r a l  form of  t h e  h e a t  conduction Equation 111-13 f o r  
t h e  su r face  temperature of the p rope l l an t  is: 

and the i g n i t i o n  c r i t e r i o n  is: 7- [ ,O, &&) = zl.& 4 
The i n i t i a l  condi t ions  which must be s p e c i f i e d  a r e  p'"-' , r&), and SLo) . The physical  s i t u a t i o n  d i c t a t e s  a 

zero i n i t i a l  burning a rea ,  and t h e  i n i t i a l  p re s su re  is a t  
t h e  ambient i n t o  which the  rocke t  exhausts.  Zero t i m e  is  
def ined  a s  t h a t  t i m e  when t h e  i g n i t e r  begins f i r i n g .  I n  
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a l l  ca ses ,  the i g n i t e r  w a s  chosen t o  f i re  as a square wave, 
i . e . ,  ins tantaneous onse t  of a cons tan t  mass ra te  of  flow, 
and instantaneous ending when t h e  i g n i t e r  cut-off  c r i t e r i o n  
i s  reached. The i n i t i a l  temperature of  t h e  chamber gas w a s  
taken t o  be the  temperature of  t h e  i g n i t e r  gas .  

The c a l c u l a t i o n  of SCt) pf2) andTtZ1 from these equa- 
t i o n s  i s  presented i n  Appendix I1 along w i t h  the a c t u a l  Fortran 
program t h a t  was used. The r e s u l t s  of t h e  c a l c u l a t i o n s  a r e  
shown i n  Figures  (8) through (44). The rocke t  motor design 
and i g n i t i o n  system design parameters a re  summarized i n  Table 11, 
and main r e s u l t s  of  s i x  series of  c a l c u l a t i o n s  are summarized 
i n  Table 111. 

Before consider ing t h e s e  s e r i e s  of c a l c u l a t i o n s ,  how- 
ever ,  it w i l l  be b e n e f i c i a l  t o  expla in  c e r t g i n  r e s u l t s  which 
a re  c h a r a c t e r i s t i c  of  a l l  t h e  ind iv idua l  c a l c u l a t i o n s .  F i r ing  
2 of Series A ,  Figure ( 2 2 ) ,  i s  a t y p i c a l  case. I n i t i a l l y  a t  
t = o ,  the  chamber p re s su re  i s  15  p s i a ,  and the gas temperature 
i s  2600%, the temperature of the i g n i t e r  gas .  The pressure  
then begins t o  r ise due t o  t h e  f i l l i n g  process ,  and t h e  gas  
temperature rises due t o  compression, b u t  as the pressure  
reaches its p re - ign i t ion  equi l ibr ium value,  t h e  temperature 
r e t u r n s  t o  i t s  i n i t i a l  value of 2600OK. The chamber proper- 
t ies  remain a t  these values  (steady flow s i t u a t i o n )  u n t i l  t he  
gra in  begins  t o  burn.  The pressure  then rises as t h e  m a s s  
flow from the p r o p e l l a n t  becomes s i g n i f i c a n t ,  and the  temper- 
a tu re  decreases as the coo le r  combustion gas of  the main pro- 
p e l l a n t  mixes with the  i g n i t e r  gas.  

When 30% of the  g r a i n  has  been i g n i t e d ,  m a s s  flow from 
the i g n i t e r  i s  c u t  o f f ,  as planned f o r  the series, causing a 
discontinuous change i n  m a s s  f l s w  rate.  Consequently, the 
pressure  decreases  momentarily; s i m i l a r l y ,  the h e a t  t r a n s f e r  
t o  the p r o p e l l a n t  su r f ace  decreases .  T h i s  causes  a sharp  drop 
i n  flame spreading ra te  (almost t o  ze ro ) .  A s  the flame spread- 
ing cont inues,  t h e  p re s su re ,  obeying t h e  chamber f i l l i n g  equa- 
t i o n s ,  cont inues t o  r ise .  The temperature,  responding t o  the 
compressive e f f ec t  o f  t h e  s t e e p  p a r t  of t h e  p re s su re  r ise ,  
c l i m b s  aga in ,  bu t  i t s  r i s e  i s  neu t r a l i zed  t o  some e x t e n t  by 
the fact  t h a t  t h e  p r o p e l l a n t  combustion gas  happens t o  be 
cooler  than  the i g n i t e r  gas. Depending on the r e l a t i v e  magni- 
tudes of these two processes ,  t he  temperature may rise, f a l l  
o r  remain f a i r l y  cons tan t .  A s  more and more o f  the  prope l l an t  
burns,  t h e  pressure  rises t o  i t s  equi l ibr ium value,  and the  
temperature begins t o  f a l l  toward the equi l ibr ium value f o r  
the  main p rope l l an t .  

When the flame spreading i s  complete, a process  of feed- 
back ensues whereby the pressure  inc reases ,  t hus  increas ing  
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t h e  burning r a t e ,  and thereby sending more mass i n t o  the 
chamber t o  inc rease  t h e  pressure  f u r t h e r .  I n  this manner, 
equi l ibr ium condi t ions  are reached i n  t h e  chamber. 

Several  i n t e r e s t i n g  r e s u l t s  can be pointed out .  One 
i s  t h a t  when flame spreading i s  complete, t h e  chamber pres -  
s u r e  i s  usua l ly  w e l l  below 50% of the design equi l ibr ium 
p res su re ,  Also, it was noticed empi r i ca l ly  t h a t  t h e  
maximum value f o r  occurred a t  t h e  very beginning of 
t h e  chamber f i l l i n g  i n t e r v a l .  A s  w a s  shown i n  the  previous 
chapter ,  i f  the maximum (&%e) occurs w i t h i n  t h e  chamber 
f i l l i n g  i n t e r v a l  and i f  t he  temperature is reasonably c l o s e  
t o  its equi l ibr ium value,  then it can be proved t h a t  t h e  
m a x i m u m  va lue  of the pressure  rise must occur exac t ly  a t  
t h e  beginning of the i n t e r v a l .  However, it must remain an 
empir ica l  fact  so  f a r  t h a t  (d%h),,, does indeed occur 
dur ing  the chamber f i l l i n g  i n t e r v a l ,  and i t s  value depends 
on the  p re s su re  l e v e l  a t  t h e  beginning of the  i n t e r v a l .  

With t h e s e  ideas  i n  mind, the r e s u l t s  of each series 
can be d iscussed ,  Series A i s  a se t  of  5 ind iv idua l  cal- 
c u l a t i o n s  f o r  f ixed  motor geometry and v a r i a b l e  i g n i t e r  
f l o w  rate.  The r e s u l t s  of  t h e  i n d i v i d u a l  f i r i n g s  are shown 
i n  Figures (20)  - ( 2 4 ) .  Figures (8) and (9) represent  
composites o f  the ind iv idua l  f i r i n g s .  As seen from these  
graphs,  the induct ion  t i m e s  a l l  show t h e  proper r e l a t i v e  
order of  magnitude. This i s  the primary effect  of i nc reas ing  
t h e  i g n i t e r  flow, as can be seen i n  Table 111. Since t h e  
i g n i t e r  c u t s  o f f  i n  t h e  middle of f l a m e  spreading, t h e  t i m e s  
f o r  flame spreading are a l l  similar. Because t h e  p re s su re  
a t  t h e  end of  flame spreading is  n e a r l y  t h e  same f o r  all f i v e  
cases, and the i g n i t e r  has been s h u t  o f f ,  the length of t h e  
chamber f i l l i n g  i n t e r v a l  i s  near ly  the same f o r  a l l  f i ve .  

The very low m a s s  flow rate  i g n i t e r  (F i r ing  A-1) is  
s i m i l a r  t o  the cases considered by Parker ,  
i n i t i a l  burning a rea  a t  t h e  low i n i t i a l  p ressure  i s  con- 
ve r t ed  t o  an e x t e r i o r  m a s s  flow source,  t h i s  would be a 
very l o w  m a s s  flow i g n i t e r .  This f i r i n g  yielded an induct ion  
t i m e  of  f i f t y - f i v e  I'units; hence there i s  a good dea l  of  
pre-heat ing o f  t h e  p rope l l an t .  This  a n a l y s i s  does no t  account 
for any burning ra te  modif icat ion due t o  p rope l l an t  pre- 
'heating . 

I f  h i s  choice of  

The t i m e  a t  which t h e  i g n i t e r  c u t s  o f f  i n  the d i f f e r e n t  
runs  of t h e  series decreases  f o r  i nc reas ing  mass flow. This  
i s  not  s u r p r i s i n g , s i n c e  the hea t  t r a n s f e r  i s  propor t iona l  t o  
t h e  m a s s  flow, and hence t h e  t i m e  a t  which 30% area  is 
i g n i t e d ,  which i s  t h e  cut-off c r i t e r i o n ,  occurs sooner. 
There i s  a s u r p r i s i n g  r e s u l t  fo r  t h e  flame spreading r a t e .  
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This i s  seen c l e a r l y  i n  Figure (9 ) .  Before the i g n i t e r  i s  
c u t  off, t h e  i n i t i a l  flame spreading r a t e  i s  roughly pro- 
p o r t i o n a l  t o  t h e  m a s s  flow rate  of  t he  i g n i t e r .  Af te r  t h e  
cu t -of f ,  however, t h e  m a s s  flow ra te  is reduced d iscont in-  
uously.  This change i s ,  of  course,  most d r a s t i c  f o r  t h e  
very h igh  mass flow r a t e ,  and hence, t h e  heat t r a n s f e r  
drops with g r e a t e s t  sharpness f o r  such cases.  Consequently, 
t he  t o t a l  t i m e  f o r  flame spreading is  longer thar, f e r  a 
lower i g n i t e r  mass flow rate.  Another observat ion is  t h a t  
t h e  maximum r a t e  of r i s e  of p re s su re  decreases with in- 
c r eas ing  i g n i t e r  flow r a t e ,  mainly because t h e  value of t he  
p r e s s u r e  a t  t he  beginning of t h e  chamber f i l l i n g  i n t e r v a l  
i nc reases ,  and t h e  maximum (dphe) was shown t o  occur a t  
t h e  s ta r t  of  chamber f i l l i n g .  

Reference t o  Figure (8) shows t h a t ,  a f t e r  a c e r t a i n  
po in t ,  increas ing  t h e  i g n i t e r  s t r e n g t h  does no t  shorten t h e  
t o t a l  l eng th  of t h e  t r a n s i e n t .  I n  f a c t ,  doubling t h e  mass 
r a t e  o f  flow of the  i g n i t e r  from F i r i n g  A-4 t o  A-5 increased 
t h e  t i m e  t o  reach n ine ty-e ight  percent  of equi l ibr ium 
pressure .  It m u s t  be remembered, though, t h a t ,  due t o  t h e  
i g n i t e r  cut-off  c r i t e r i o n  i n  t h i s  series, we izre com;?aring 
i g n i t e r s  of  d i f f e r e n t  t o t a l  m a s s .  This is  t r u e  f o r  a l l  t h e  
series except E. 

Decreasing the  p a r t  a r e a  w i l l  decrease t h e  o v e r a l l  t i m e  
t o  a t t a i n  equilibrium. This s e t  of ca l cu la t ions  is  repre-  
sented by Se r i e s  B,  where t h e  p o r t  a r ea  i s  sys temat ica l ly  
decreased while t h e  motor l eng th  i s  held constant .  The 
chamber volume i s  the re fo re  lowered, and thus the  L* and 
c h a r a c t e r i s t i c  t i m e s  a r e  a l s o  decreased. The indiv idua l  
f i r i n g s  a r e  shown i n  Figures  (25) - (28) ,  and t h e  composite 
r e s u l t s  a r e  shown i n  Figures (IO) and (11). Several  ex- 
pected t r ends  a re  exhibi ted.  Even though t h e  m a s s  flow i s  
t h e  s a m e  f o r  each f i r i n g ,  the m a s s  flow pe r  u n i t  a r ea  i n  
t h e  chamber does increase ,  hence, t h e  h e a t  t r a n s f e r  t o  the 
p r o p e l l a n t  increases .  Consequently, t h e  induct ion t i m e  and 
t h e  t o t a l  time f o r  flame spreading decrease with decreasing 
p o r t  a r ea .  An i n t e r e s t i n g  p o i n t  is t h a t ,  f o r  the very l o w  
p o r t  a r e a ,  t h e  boots t rap  r i s e  o f  burning ra te  i s  s u f f i c i e n t l y  
r ap id  t o  overcome t h e  pressure  decrease seen i n  o the r  runs 
due t o  t h e  i g n i t e r  m a s s  flow cut-off .  The i g n i t i o n  shock, o r  
(d9?h) max, i nc reases  with decreasing p o r t  area. This  i s  
due t o  two e f f e c t s :  f i r s t ,  t h e  pressure  a t  t h e  end of  flame 
spreading i s  lower, and second, t h e  c h a r a c t e r i s t i c  t i m e  of  
t h e  motor is  smaller. The l a t t e r  tends t o  acce le ra t e  a l l  
chamber events ,  bu t  does n o t  a f f e c t  t h e  ra te  of flame 
spreading.  The s h o r t e r  c h a r a c t e r i s t i c  t i m e  a l s o  accounts 
f o r  t h e  f a s t e r  chamber f i l l i n g  i n t e r v a l s  of t h e  s m a l l e E  
p o r t  a r e a  f i r i n g s .  
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Opening the nozzle t h r o a t  a r ea  r e s u l t s  i n  decreased 
equi l ibr ium pressure .  Figures (29)  - (32)  r ep resen t  the 
ind iv idua l  c a l c u l a t i o n s  f o r  t h i s  series of f i r i n g s ,  Series 
C. The composite r e s u l t s  of  Se r i e s  C are shown i n  Figures  
( 1 2 )  and (13 ) -  The induct ion  t i m e s  are i d e n t i c a l  because 
the h e a t  transfer depends on the  m a s s  r a te  o f  flow per  
u n i t  a r ea  and t h e  temperature of the chamber gases,  and 
t h e s e  are t h e  same f o r  the whole series. The flame spreading 
t i m e s ,  though, go up with decreasing t h r o a t  area, During 
most of f l a m e  spreading the i g n i t e r  is  o f f ,  and t h e  
p r i n c i p a l  source of m a s s  flow is  t h e  p a r t  o f  t h e  p rope l l an t  
t h a t  has been i g n i t e d ,  This mass flow is  l a r g e r  with 
h igher  chamber p re s su re ,  and thus  with smaller t h r o a t  areas, 
Thus the heat t r a n s f e r  is  g r e a t e r  f o r  t h e  smaller t h r o a t ,  and 
the  flame spreading t i m e  is  faster. On the o t h e r  hand, t h e  
chamber f i l l i n g  t i m e s  decreased with increas ing  t h r o a t  a r e a ,  
due t o  t h e  decreas ing  c h a r a c t e r i s t i c  t i m e  of the chamber. 
These two effects  near ly  canceled out ,  i n  t h i s  series,  and 
the o v e r a l l  i n g i t i o n  t r a n s i e n t  length  w a s  nea r ly  constant .  

Series D [Figures  (33) - ( 3 5 ) ,  (14) and (15)] 
demonstrates the p o s s i b i l i t y  of a pres su re  overshoot due t o  
an i g n i t e r  which keeps f i r i n g  a f t e r  t h e  normal equi l ibr ium 
pressure  of t h e  motor has  been reached, I n  these  cases  t h e  
i g n i t e r  w a s  c u t  o f f  s i x + * u n i t s  af ter  t h e  completion of 
flame spreading,  A 3  shown i n  a previous s e c t i o n ,  the 
magnitude o f  the overshoot depends on t h e  amount of mass the  
i g n i t e r  i n j e c t s  i n t o  the system. This w a s  demonstrated by 
the t h r e e  f i r i n g s  of t h i s  s e r i e s .  I n  each case,  a f te r  t h e  
i g n i t e r  w a s  c u t  of f ,  the  pressure  i n  the motor subsided t o  
t h e  normal equi l ibr ium condition. 

I n  Series E the effect  of changing the m a s s  r a t e  of 
flow i n  an i g n i t e r  of  cons tan t  t o t a l  m a s s  h a s  been 
demonstrated,  This s e r i e s  is  shown i n  Figures  (36) - (40), 
(16) and (17 ) .  F i r i n g  E-1 i s  the  design opera t ion  of the 
i g n i t e r  -- it f i r ed  u n t i l  n inety-eight  per  c e n t  of the  
equi l ibr ium p res su re  of the motor w a s  reached. A f t e r  
i g n i t e r  cu t -of f ,  t h e  chamber pressure  s tayed near  equi- 
1 ibr  ium . 

From Equation IV-3 it can be seen t h a t  

f o r  cons tan t  f i  and(T-@, so t h a t  t h e  Equation IV-3 can 
be d i r e c t l y  in t eg ra t ed .  For a cons t an t  mass flow i g n i t e r ,  
it i s .  apparent  t ha t  
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Where is  t h e  t o t a l  f i r i n g  t i m e  of  t h e  i g n i t i o r .  Thus: 
"py" 

fo r  an i g n i t e r  of cons tan t  t o t a l  m a s s ,  a n d z  is  t h e  t e m -  
pe ra tu re  a t  t h e  end of t he  i g n i t e r  f i r i n g .  From t h i s  b i t  
of reasoizing, it can be seen t h a t ,  al though a given i g n i t e r  
may c o n t a i n  enough t o t a l  m a s s  f o r  a successfu l  i g n i t i o n  
t r a n s i e n t ,  i f  it is f i r e d  a t  too  low a mass r a t e  of flow, 
a h a n g f i r e  may occur.  This was exac t ly  t h e  r e s u l t  of 
Series E. A s  t he  i g n i t e r  mass r a t e  of  flow was lowered 
from t h e  design operat ion a t  E-1 t o  E-3, which f i r e d  a t  
two-thirds t h e  design mass r a t e  of  flow, t h e  length of each 
of t h e  three i n t e r v a l s  a s  w e l l  a s  t h e  sum increased. The 
lengths  of the f i r s t  two i n t e r v a l s  increased due t o  the  
lower h e a t  t r a n s f e r ,  and t h a t  of t h e  l a s t  due t o  the  double 
e f f e c t  o f  a s h o r t e r  f i r i n g  of a weaker i g n i t e r  during the  
chamber f i l l i n g  i n t e r v a l .  F i r ing  E-5 was a d e f i n i t e  
hangf i r e ,  where the  su r face  temperature of t h e  f i r s t  b i t  o f  
g ra in  had n o t  a t t a i n e d  t h e  i g n i t i o n  temperature by the t i m e  
the i g n i t e r  was c u t  off. F i r i n g  3-4 was an intermediate  
case -- when t h e  i g n i t e r  c u t  o f f ,  four  per  cent  of t h e  
gra in  had been ign i t ed .  The cut-off  d r a s t i c a l l y  reduced 
the  mass r a t e  of  flow i n  t h e  motor, g r e a t l y  diminishing t h e  
hea t  t r a n s f e r  t o  successive elements of t h e  grain.  The 
c a l c u l a t i o n s  ind ica ted  t h a t  flame spreading would eventual ly  
r e s t a r t ,  success fu l ly  i g n i t i n q  t h e  motor, bu t  not  within 
a reasonable  length  of computer t i m e .  

The r e s u l t s  of Series C ind ica ted  t h a t  reducing the  
t h r o a t  a r e a  of  a given s o l i d  p r o p e l l a n t  rocke t  motor has  
the  fol lowing e f f e c t s :  (1) no change i n  the  induction 
time; ( 2 )  a s l i g h t  reduct ion i n  t h e  flame spreading t i m e ;  
(3 )  a s u b s t a n t i a l  increase  i n  t h e  r a t e  of  pressure  r i s e  
r i g h t  a f te r  t h e  completion of flame spreading, It can 
the re fo re  be seen t h a t  i f  t h e  t h r o a t  a r ea  of a motor colild 
be kep t  small  during the  f i r s t  two i n t e r v a l s  and during 
p a r t  o f  the t h i r d ,  and then re leased  t o  t h e  design a rea  
condi t ion  j u s t  before  the  pressure  exceeds the  design pres- 
s u r e  t h e  o v e r a l l  t r a n s i e n t  would be shortened. The re- 
duct ion i n  t h e  o v e r a l l  t i m e  achieved w i t h  t h i s  temporary 
c losu re  comes about, f i r s t ,  by  the^ a t ta inment  of a higher  
pressure  a t  t h e  end of flame spreading and the  s t a r t  of  
chamber f i l l i n g ,  and second, a more r ap id  ra te  of  pressure  
rise i n  the e a r l y  p a r t  of t h e  chamber f i l l i n g  i n t e r v a l .  
Some o f  the advantage i s  r e t a ined  even i f  t h e  temporary 
ylosure is re leased  r i g h t  a t  t h e  end of t h e  flame spreading 
i n t e r v a l ,  b u t  t h e  g r e a t e s t  reduct ion i s  achieved by re- 
l e a s i n g  it r i g h t  a t  t h e  design p res su re  (a t r i c k y  business ,  
i n  p r a c t i c e  ) .  
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This conclusion w a s  tested on t h e  computer i n  t h e  
f i n a l  series, Series F [Figures (18), (19), and (41) - 
(44 ) l .  F i r i n g  F-1 is  t h e  rocket  motor with no nozzle 
c losu re .  I n  F i r i n g s  F-2, 3 ,  and 4 t h e  t h r o a t  a r ea  w a s  
k e p t  smaller than  t h e  design condi t ion ,  u n t i l  t h e  end of 
flame spreading,  when t h e  p a r t i a l  nozzle  c losu re  w a s  re- 
moved and t h e  t h r o a t  area became t h e  design s i z e .  The 
cases run w e r e  f o r  pa r t i a l .  nozzle c l o s u r e s  designed t o  
g ive  three, f i v e  , and seven t i m e s  t h e  design equi l ibr ium 
pressure .  A s  can be seen from Table 11, t h e  use o f  t he  
p a r t i a l  nozzle  c l o s u r e  was no t  over ly  e f f e c t i v e .  
F i r i n g  F-3 t h e  c losu re  w a s  removed a t  n ine ty- f ive  per  c e n t  
of t he  f i n a l  equi l ibr ium pressure;  t h e  i g n i t i o n  t r a n s i e n t  
w a s  shortened by twenty per  c e n t ,  W i t h  smaller nozzle 
c losu res ,  t h e  chamber f i l l i n g  t i m e  w a s  success ive ly  re-  
duced due t o  t h e  h igher  pressure a t  t h e  end of flame 
spreading. O f  importance a l s o  i s  t h e  f a c t  t h a t  t he  i g n i t i o n  
shock was g r e a t l y  i n t e n s i f i e d  by the p a r t i a l  nozzle c losu res ,  

I n  

An i n t e r e s t i n g  effect  of t h e  t h r o a t  s i z e  i n  flame 
spreading was demonstrated i n  Series F.  In  Figure (19) it 
can be seen t h a t  w h i l e  t he  smaller  t h r o a t  acce le ra t e s  t h e  
e a r l y  s t a g e s  o f  flame spreading, f o r  very small  t h r o a t s  t h e  
ra te  of flame spreading ac tua l ly  dec l ined  near t h e  end. 
Equation I I I - l l a  shows t h a t  t h e r e  a r e  two terms i n  the  m a s s  
r a t e  of  flow over a s t a t i o n  on t h e  gra in :  t h e  first t e r m  
i s  the  f l o w  through the nozzle,  t h e  second i s  t h e  p a r t  of  
the m a s s  accumulation t h a t  must p a s s  over the s t a t i o n .  
Table I11 shows that ,  r e l a t i v e  t o  t h e  equi l ibr ium p res su res  
w i t h  the  nozz le  c losu res  i n ,  flame spreading ended a t  
success ive ly  lower pressures  f o r  lower t h r o a t  s izes .  These 
lower p re s su res  cause high ‘lt3/4derivatives, and thus  t h e  
m a s s  accumulation t e r m  i n  Equation T I I - l l a  i s  the  more 
important of  the two. But - as  -1,i .e.  flame spreading 
nea r s  completion, t h i s  t e r m  d i s  pea r s ,  as ( i - g j - w o  . 
Thus, near the nozzle,  and toward t h e  end of  the flame 
spreading i n t e r v a l ,  the g ra in  sees less  m a s s  flow - m o s t  
of t he  m a s s  i s  being accumulated i n  the chamber behind it, 
and thus the rate of  f l ane  spreading drops o f €  as shown. 
This was accentuated by the smaller  t h r o a t  s i z e .  The 
smaller throat accelerated flame spreading,  causing it t o  
occur while  fJ w a s  lower and &(%??)/de 

confirmed conclusions t h a t  were drawn from ana lys i s  of t h e  
dimensionless groups of  t h e  equat ions,  as wel l  as agreeing 
w i t h  most long-held ideas  o f  rocke t  engineers.  However, 
examination of  t h e  d e t a i l s  of t h e  computer-predicted f i r i n g  
curves brought t o  t h e  fo re  one p o i n t  t h a t  i s  no t  genera l ly  
known by r o c k e t  tes t  engineers whose job  it i s  t o  i n t e r p r e t  
p re s su re  traces i n  terms of events  t ak ing  p lace  i n  the  
rocke t  motor, t ha t  is ,  t h a t  flame spreading i n  a rocke t  motor 

w a s  h igher ,  

On the whole, then, t h e  computer p red ic t ions  gene ra l ly  
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i s  o f t e n  complete long before  t h e  50% p o i n t  is  reached on 
t h e  p re s su re  r i se  curve.  Therefore,  e f f o r t s  t o  so f t en  a 
p res su re  r i se  o r  t o  conta in  t h e  r i s e  curve within spec i f i ed  
l i m i t s  should be focused on t h e  f a c t o r s  t h a t  a f f e c t  t h e  
chamber filling process.  
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CHAPTER V 

CONCLUSIONS 

The theory  of the  i g n i t i o n  t r a n s i e n t  i n  s o l i d  p r o p e l l a n t  
rocke t  motors proposed by Summerfield and Parker w a s  extended 
i n  this  r e p o r t  t o  cases where the  burning i n  the main rocke t  
motor i s  i n i t i a t e d  by a pyrogen type i g n i t e r .  The goal o f  
t h e  p r e s e n t  work was the  app l i ca t ion  o f  t h i s  theory t o  p rac t -  
i c a l  rocke t  systems. The theory i s  developed mainly from 
f i r s t  p r i n c i p l e s ,  except where empir ica l  laws f o r  burning r a t e  and 
convective h e a t  t r a n s f e r  had t o  be used. An experimental  pro- 
gram i s  underway a t  Pr inceton which w i l l  se rve  t o  compare 
t h e o r e t i c a l  and experimental  r e s u l t s ,  b u t  it i s  s t i l l  i n  i t s  
e a r l y  s t a g e s ,  and systematic  r e s u l t s  are y e t  t o  be obtained. 

I n  t h e  t h e o r e t i c a l  model, t h e  i g n i t i o n  i n t e r v a l  i s  
divided i n t o  t h r e e  consecutive i n t e r v a l s ,  t he  i g n i t i o n  l a g  
o r  induct ion  i n t e r v a l ,  the  flame spreading i n t e r v a l ,  and t h e  
chamber f i l l i n g ,  The i g n i t i o n  l a g  i s  simply the  t ime is  t akes  
t o  h e a t  t h e  f i r s t  element of sur face  t o  i g n i t i o n .  This ign i -  
t i o n  l a g  i s  b a s i c a l l y  a funct ion of t h e  m a s s  flow r a t e  of t h e  
i g n i t e r  and t h e  chamber geometry. Since the  i g n i t i o n  c r i t e r i o n  
i s  taken t o  be merely the  at ta inment  of  a c r i t i ca l  temperature,  
t h e  i g n i t i o n  de lay  reported he re  can be regarded only as  a 
f i r s t  approximation t o  the  a c t u a l  de lay .  A more accura te  i g -  
n i t i o n  c r i t e r i o n  would take i n t o  account pressure ,  gas ve- 
l o c i t y ,  and o t h e r  f a c t o r s .  

A few o f  the more i n t e r e s t i n g  r e s u l t s  of t he  computer 
study can be summarized as follows. Increas ing  the i g n i t e r  
mass flow r a t e  decreases  the  induct ion t i m e  t o  f i r s t  i g n i t i o n  
and i n c r e a s e s  t h e  r a t e  of flame spreading,  This i s  due t o  
t h e  increased  h e a t  f l u x  t o  the  p r o p e l l a n t  su r f ace .  The in- 
duc t ion  i n t e r v a l  i s  r e l a t i v e l y  independent of t he  magnitude 
of t h e  exhaust  nozzle  a rea ,  if o the r  t h i n g s  are he ld  f ixed .  
Decreasing t h e  p o r t  c ross -sec t iona l  a r e a  decreases  the t i m e  
t o  reach equi l ibr ium opera t ing  condi t ions ,  i . e .  , steepens t h e  
ra te  of  rise. The maximum pressure  overshoot  above the  f i n a l  
equi l ibr ium value inc reases  with inc reas ing  i g n i t e r  mass flow 
rate .  

The maximum rate  of  r ise  of p re s su re  i n  the  chamber is 
found t o  occur a t  t h e  beginning of t h e  chamber f i l l i n g  i n t e r -  
v a l ,  bu t  it depends a l s o  on t h e  chamber pressure  a t  t h e  end 
of flame spreading and hence on the r a t e  of flame spreading. 
I n  p a r t i c u l a r ,  t h e  maximum rate  of r ise of  p re s su re  (which 
occurs  a f t e r  flame spreading i s  complete) can be reduced by 

(Continued on page 35-A) 
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ar ranging  condi t ions t o  s l o w  down the r a t e  of flame spreading. 
Inc reas ing  t h e  i g n i t e r  flow ra te ,  decreasing the p o r t  cross-  
s e c t i o n a l  a r e a  and decreasing the  nozzle a rea  a l l  i nc rease  
the maximum r a t e  of  r ise  of pressure .  

It was found, as expected, that a c losure  of t he  exhaust 
nozzle t h a t  rup tures  a t  some mid-pressure has tens  the r i s e  
t o  f u l l  p ressure .  However, it w a s  observed t h a t  t he  e f f e c t  
was much smaller  than i s  popular ly  supposed i n  the  r o c k e t  
design f i e l d  . 

Although d i r ec t  experimental  comparisons have y e t  t o  be 
produced, it appears from examination of the four series of 
t h e o r e t i c a l  f i r i n g s  t h a t  the p r e s e n t  theory i s  on the  r i g h t  
t r a c k .  U s e f u l  p r ed ic t ions  of i g n i t i o n  pressure  t r a n s i e n t s ,  
hence i n i t i a l  t h r u s t  t r a n s i e n t s  a r e  now poss ib le ,  a t  l e a s t  
€or r o c k e t  motors with head-end i g n i t e r  of the  pyrogen type.  
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LIST OF SYMBOLS 

d i s t a n c e  of  boundary l a y e r  lead ing  edge ahead of 
p r o p e l l a n t  lead ing  edge 

t o t a l  g r a i n  su r face  

p o r t  area 

main rocke t  nozzle t h r o a t  a r e a  

i g n i t e r  nozzle t h r o a t  area 
Y 

cp s p e c i f i c  heat of p r o p e l l a n t  gas products  

JRTt ‘  c’ c h a r a c t e r i s t i c  v e l o c i t y  % 
rr L 

d, diameter  of main rocke t  nozzle t h r o a t  

diameter of i g n i t e r  nozzle  t h r o a t  Atlf” 

e 

h 

4? 

K N  

J! 

i n t e r n a l  energy 

h e a t  t r a n s f e r  c o e f f i c i e n t  

71 
c o n s t a n t  and burning r a t e  l a w ,  Cs = k e  

r a t i o  of burning a r e a  t o  nozzle  t h r o a t  a r e a  S - & 
f i t  

length of p r o p e l l a n t  g ra in  
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LIST OF1 SYMbOLS - Cont'd. 

%+4 characterist ic length  5 

m a s s  burning r a t e  

m a s s  of gas i n  combustion chamber 

m a s s  o f  gas i n  combustion chamber a t  equi l ibr ium 

m a s s  flow r a t e  from i g n i t e r  

wy t o t a l  m a s s  of  i g n i t e r  gas 

wN m a s s  flow r a t e  through main rocke t  nozzle 

f l  power i n  burning ra te  l a w ,  

b% Nussel t  number 2 - U M x  

dimensionless chamber pressure  = e 
'% 

'10, chamber p re s su re  

p re s su re  of  i g n i t e r  gas ey 
chamber pressure  a t  equi l ibr ium 

i n i t i a l  chamber p re s su re  

heat of  p y r o l y s i s  o f  p r o p e l l a n t  

dynamic burning ra te  

quas i-s teady burning r a t e  
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LIST OF SyMB.OLS - Cont'd, - 

R specific gas constant 

Reynolds number based on x l  - P Y. Rex =L 
s dimensionless burning area 5 5, 

56 instantaneous burning area 

IC. 

% 

t time 

i" characteristic time T - L" 
P C *  

- T dimensionless chamber temperature = 

T, chamber temperature 

7& temperature of igniter gas 
ian7 

Tp flame temperature 

Til; ignition temperature of propellant 
T, initial temperature of propellant 

7; surface temperature of propellant 

& gas velocity 

yc chamber volume 

axial distance 
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LIST OF SYMBOLS - Cont'd, 

distance normal t o  p r o p e l l a n t  su r f ace  

thermal d i f f u s i v i t y  o f  p r o p e l l a n t  

c o e f f i c i e n t  of  thermal s e n s i t i v i t y  of  p r o p e l l a n t  

r a t i o  of s p e c i f i c  h e a t s  

a func t ion  of b/ J z [ w  

dimensionless d i s t a n c e  normal. t o  p rope l l an t  s u r f a c e  = $12 
thermal conduct iv i ty  of chamber gases 

thermal conduct iv i ty  o f  p r o p e l l a n t  

v i s c o s i t y  of chamber gases  

x/R dimensionless axial d i s t a n c e  Z 

d e n s i t y  of  chamber gases  

d e n s i t y  of p r o p e l l a n t  

t 
t" dimensionless t i m e  - 

t i m e  f o r  f i r s t  element o f  su r f ace  t o  i g n i t e  
'INo ( induct ion t i m e  of rocke t  motor) 

- 
(r area normal t o  f l u x  
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TABLE I 

DESIGN OF' SLAB GEOMETRY SOLID PROPELLANT ROCKET MOTOR 

Rocket Motor 

A' = 44 cm, 
3 -I( = 140 cm 

2 

,( = 24 cm. 

p3 = 4-0 em 

= 46 cm 

2 
P 

Propellant 

r )  = 0.4 
1 0.4 4 = 2.0 x l o m 2  in/sec (3) 

cm2 0.4 -4 cm 
sec (-1 - = 5.9 x 10 

3 p9 = 1.6 g/cm 

Cp= 0.3 cal/g OC 

A,.,= 9 x 10 

z4= 42OOC 
-4 cal/cm sec oc 

Combustion Gases 

Theoretical @ 90 psia 

5 = 2076 OK 

c* (frozen) = 4384 ft,/sec 

c* (equilibrium) = 4397 ft/sec 

cF= ,441 cal/g OC 

7= 22*22  
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TABLE .I 
(continued) 

Theoretical Ci? 300 psia  

T =  2078'K 
\ 

c* (frozen)  = 4386 ft/sec 

c* (equi l ibr ium) = 4397 ft/sec 

= ,441 cal/c O C  

Composition 

Species  

co , 

H2° 

H2 
K C 1  

N2 

Y =  1.26 

&!f (2000 O K )  = 6 - 6  x I O m 4  g/cm sec 

& (1200 OK) = 4.9 x 10 g / c m  sec f -4 

k -4 
f 
t 

(2000 OK) = 3.6 x 10 cal/cm sec OC 

c a l / c m  sec OC -4 1 (1200 OK) = 2.4 x 10 

M o l e  F rac t ion  

.256 

-242 

-215 

.152 

.176 

-060 
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APPENDIX I 

DYHAMIC BURNING RATE 

,* 

In  order  t o  determine how the  Surning r a t e  v a r i e s  during 
a p re s su re  t r ans i en t ,  a. thermal kanalysis of a burning propel- 
l a n t  i s  performed. Due t o  t h e  very l o w  thermal conduct iv i ty  
of s o l i d  p r o p e l l a n t s  t h e  g r a i n  may be considered a semi-in- 
f i n i t e  s l ab .  For t i m e  t 6 L Q  is  a t  a uniform 
i n i t i a l  temperature i s  i g n i t e  lowed t o  a t t a i n  
s t eady  s t a t e  burning a t  a chamber pressure  &, . The 
s u r f a c e  temperature i s  f i x e 3  a t  a value- -5- 
i’s a known temperature dTs t r ibu t ion  i n  the  s o l i d ,  and t h e  
chamber pressure  is var ied  cont inuously with t i m e ,  The 
s t eady  s t a t e  .burning r a t e  ,of , t h e  , g ra in  is  given by t h e  power 
law cd=-kqj3Ln. 

convenient t o  employ a coord ina te  system which moves wi th  
t h i s  boundary. Hence €or a l l  t i m e s  X S Q  w i l l  be t h e  
p r o p e l l a n t  surface.  ’ The h e a t  conduction equation i n  t h i s  
coord ina te  system becomes I 

A t t  = o  t h e r e  

., L 

For analyses  invo1ving”a moving boundary it is  usua l ly  

A I -  1 

For t h i s  ana lys i s  t h e  following no ta t ion  is used: 

s u b s c r i p t  r r ~ ~ ”  denotes  s teady s t a t e  condi t ions  a t  
any pressure  l e v e l  

no te s  instantaneous condi t ions  

tes e q u i l i b r i  condidions a t  
the f i n a l ,  i l i b r i u m  pressu 

For the p rope l l an t  burning i n  t h e  s teady s t a t e  p r i o r  t o  
t h e  d e l i b e r a t e  p re s su re  v a r i a t i o n ,  Equation A I - 1  reduces t o  
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The boundary condi t ions  necessary f o r  a s o l u t i o n  a r e  

The s o l u t i o n  is  r e a d i l y  obtained 

AI- 2 

where the  steady s t a t e  burning i s  cons tan t  and given by 

A t  t = O  the  pressure  is var ied,  and the  i n i t i a l  temper- 
a t u r e  d i s t r i b u t i o n  i s  given by Equation Ah-2, The h e a t  cen- 
duct ion  expressed i n  t h e  form of Equation AI-1 i s  used. The 
i n i t i a l  and boundary condi t ions  are: 

x = o  , r= 5 

Since the burning r a t e  i s  a l s o  an unknown, it is  neces- 
s a r y  t o  spec i fy  a fou r th  boundary condi t ion -- t h e  h e a t  
balance a t  t h e  sur face  o f  t h e  p rope l l an t  i s  used. The h e a t  
f l u x  from the  flame zone i s  balanced by t h e  h e a t  absorbed o r  
evolved by p y r o l y s i s , Q ,  and t h e  h e a t  conducted i n t o  t h e  
i n t e r i o r  of t he  sol id .  

where d is  a p o s i t i v e  q u a n t i t y  f o r  an endothermic py ro lys i s  
and negat ive f o r  an exothermic pyro lys i s ,  

{ N o t e :  The proper  formulation of t h e  condi t ions  a t  t h e  
sol id  su r face  i s  somewhat debatable.  A p r e f e r a b l e  model 
might be one t h a t  allows t h e  sur face  temperature t o  vary 
dur ing  t h e  burning r a t e  t r a n s i e n t  and couples t h e  instantaneous 
burning ra te  t o  the su r face  temperature through a s tandard 
py ro lys i s  law. The model given here  i s  s impler . )  
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iAs tan t  can b 

This  flame th ickness  can 
of the ins tan taneous  gas v e l o c i t y  a t  the su r face  and the  
t i m e  of r eac t ion ,  

pxpressed as a l i n e a r  func t ion  

The instantaneous h e a t  f l u x  f r o m  the flame becomes 

Now the assumption of  the instantaneous response of the 
gas  phase t o  pressure  changes permits the eva lua t ion  o f k * a t  
t he  s teady  s t a t e  condi t ion .  From equation 241-2 and the h e a t  
balance a t  the su r face  

Solving for t* and us ing  i t  i n  the instantaneous f l u x  
equat ion y i e l d s  
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Fina l ly ,  the flame temperature, gas p e r t i e s ,  and' 
h e a t  o f  py ro lys i s  a r e  assumed constant .  r f ace  teqper- 
a t u r e  i s  a l s o  assumed constant ,  b u t  t h e  r ng a n a l y s i s  
w i l l  s h o w  t h a t  extinguishment due t o  r ap id  depressur iza t ion  
cannot be predic ted .  For t h e  extinguishment ana lys i s  t he  
s u r f a c e  temperature should be allowed t o  vary.  Far the  
purposes of t h i s  w o r k  a va r i ab le  su r face  temperature is  an 
unnecessary complication. 

Recal l ing t h e  assumed burning r a t e  l a w  for s teady s t a t e  
burning, t he  l a s t  boundary condi t ion becomes 

Equation (AI-1) together  w i t h  t he  boundary and i n i t i a l  
condi t ions  a r e  s u f f i c i e n t  t o  solve f o r  the instantaneous 
burning r a t e  a s  a func t ion  o f  t i m e .  A t  th i s  s t age  of t he  
a n a l y s i s  it i s  convenient t o  express a l l  v a r i a b l e s  i n  
dimensionless form. The following q u a n t i t i e s  a r e  defined: 



The re ference  d i s t ance  and t i m e  a r e  phys i ca l ly  meaningful. 
Examining Equation AI -2  t h e  quan t i ty  &p/k7 i s  seen t o  be 
propor t iona l  t o  t h e  depth of the thermal wave i n  the  propel- 
l a n t  a t  equi l ibr ium, and "P/G; i s  c a l l  t h e  r eac t ion  t i m e  
w i th in  t h e  s o l i d .  Under t h i s  t r a n s f o r  t i o n  t h e  system of 
equat ions becomes , 

A I -  3 

The p res su re  9 1 z ) i s  assumed t o  be a continuous,  
monotonically inc reas ing  or  decreasing func t ion  of t i m e .  
Hence t h e r e  i s  a one-to-one correspondence between 9 and 
Z so t h a t  

Defining 

E: %!Wx 

Under t h i s  t ransformation Equations AI-3 becomes 

A I - 4  
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Due t o  the poor thermal conduct iv i ty  of p rope l l an t s  
t h e  c h a r a c t e r i s t i c  thermal d i s t ance  and the  
c h a r a c t e r i s t i c  t i m e  ""P/G; a r e  very small  q u a n t i t i e s .  
Even though may be very larg.e, t h e  r a t e  of r ise  of 
pressure  on the  c h a r a c t e r i s t i c  t i m e  s c a l e  i s  usua l ly  very 
small .  Hence t h i s  problem may be analyzed u.sing & a s  
a small  pe r tu rba t ion  expansion parameter.  

Quasi- Steady Solut ion 

I n  the  l i m i t  a s  &-e- 0 , Equation AI-4 reduces t o  

'141 "I- J"e = 0 
J t  

Now i n  order  t o  ob ta in  a s o l u t i o n  compatible with 
the  i n i t i a l  condi t ion,  t he  i n i t i a l ' t e m p e r a t u r e  d i s t r i b u t i o n  
must be the  s teady s t a t e  d i s t r i b u t i o n  a t  F= .pOz  This 
d i s t r i b u t i o n  is  given by Equation A I - 2 .  I f  some o t h e r  temper- 
a t u r e  d i s t r i b u t i o n  i s  spec i f i ed ,  a burning r a t e  t r a n s i e n t  due 
t o  the  i n i t i a l  temperature d i s t r i b u t i o n  arises. This problem 
has n o t  beer, solved i n  any g z n e r a l i t y .  
the assumed condi t ion  i s  

The so lu t ion  under 

Small But Not Negl iqible  

Using the  above r e s u l t s  a s o l u t i o n  f o r  the  f i r s t  order  
i n  € can be obtained. Assuming t h e  s o l u t i o n  i n  the  form 
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w h e r e  9 and V: a r e  co r rec t ion  funct ions.  Using these  i n  
Equation AI-4 the h e a t  conduction equation, t o  order  E. I 

becomes 
+-n) -PY '=' p" e (774 eypn)e A I - 5  

q=.O 3 &&(?AyLIv@) 
J# 

f 
The d i f f e r e n t i a l  equat ion i s  l i n e a r ,  second order ,  and 

inhomogeneous w i t h  s o l u t i o n  

Vsing t he  heat balance a t  the sur face  ql-p) i s  determined; 

Transforming back t o  the (f12) space y i e l d  the burning r a t e  
t o  o rde r  ; 

F i n a l l y  t ransforming back t o  dimensional q u a n t i t i e s ,  the burn- 
i ng  ra te  i s  given by the expression 
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Footnote:  Recent r e fe rences  which p r e s e n t  a more s o p h i s t i -  
ca ted  approach t o  th i s  problem are: 

'Summerfield, M. I K r i e r ,  H. , T i  i en ,  J. Shaw-t. and 
Sir ignano,  W. A. ,  "Non-steady Burning Phenomena of Sol id  
P rope l l an t s :  Theory and Experiment", Pr inceton Universi ty  
AMS Report No. 793, AFOSR S c i e n t i f i c  Report No.  67 1535, 
J u l y ,  1967. 

2 K r i e r ,  H,, T ' i e n o  J. S.,  Sir ignano,  W, A . ,  and Summerfield, 
M. , "Non-steady Burning Phenomena of Sol id  Propel lan ts :  
Theory and Experment", ICRPG/ASAA Second Propulsion 
Conference, Ana.heim, Ca l i fo rn ia ,  June 6-8, 1967 
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NUMERICAL COMPUTATIONS 

The system of  equat ions  governing t h e  chamber f i l l i n g  
process  i s  der ived  and discussed i n  t h e  main t e x t  of  t h i s  
r e p o r t .  These dimensional and dimensionless equat ions 
used f o r  t h e  numerical  c a l c u l a t i o n s  are repea ted  h e r e  f o r  
convenience and completeness. 

Cont inui ty  and energy f o r  the  chamber free-volume 
c o n t r o l  volume are 

The form of  t h e  func t ion  {(‘e) chosen f o r  t h e  numerical 
computations i s  a square wave. 

e , f ) = [ l  o s T s z r ; f  

0 2. A 2&i+ 

The i g n i t e r  cut-off  t i m e ,  pL,;trwas chosen d i f f e r e n t l y  f o r  
t h e  var ious  ser ies .  For series A, B, C ,  and F, rather than  
choose an a r b i t r a r y  t i m e  for  it seemed b e s t  t o  r e l a t e  
it i n  some way t o  t h e  t r a n s i e n t .  For t h e s e  cases  i t  w a s  
decided t o  c u t  t h e  i g n i t e r  o f f  a f t e r  a p re sc r ibed  percentage 
of  the p r o p e l l a n t  s u r f a c e  had i g n i t e d .  This  c r i t i c a l  a r e a  
w a s  taken t o  be t h i r t y  pe r  c e n t  of  t h e  f i n a l  area. S e r i e s  D 
w a s  run  t o  show p res su re  overshoots due t o  overdurat ion 
i g n i t e r s ,  so  t h e  i g n i t e r  w a s  c u t  o f f  a t  some t i m e  a f t e r  
equ i l ib r ium p r e s s u r e  w a s  reached. This  t i m e  w a s  chosen t o  
be s i x t * u n i t s  a f te r  t h e  end of flame spreading.  F i n a l l y ,  
Series E w a s  run  t o  show t h e  e f f ec t  o f  decreas ing  i g n i t e r  
flow ra te  w h i l e  ho ld ing  t h e  m a s s  o f  the i g n i t e r  cons tan t .  
The i g n i t e r  m a s s  w a s  chosen as t h a t  m a s s  which would enable  
t h e  i g n i t e r  o f  F i r i n g  A-2 t o  f i r e  u n t i l  t h e  motor a t t a i n e d  
n ine ty-e ight  pe r  c e n t  o f  i t s  equi l ibr ium p res su re .  This  w a s  
a m a s s  o f  Z . / # ~ X X / O - ~ ~ S .  n u s ,  f o r  
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Se r i e s  E ,  

i n  o rde r  t o  generate  Yne func t ion  S(Ta) ,  t’ne h e a t  
t r a n s f e r r e d  t o  the  unignited po r t ions  of t he  p rope l l an t  
su r f ace  i s  considered. Convection i s  assumed t o  be the  
dominant mode of h e a t  t r a n s f e r ,  and it i s  adequately described 
by t h e  following empir ical  cor rec t ion :  

A I I - 3  

The h e a t  conduction equation €or the  sur face  temperature 
of t h e  p r o p e l l a n t  which is  assumed t o  have a semi- inf in i te  
thickness.  i s  converted i n t o  an i n t e g r a l  equation. 

The computation of t he  l e f t  hand s i d e  of t h i s  equation was 
done i n  s e v e r a l  s tages .  

This  ana lys i s  assumes t h a t T ,  t h e  temperature of the  
bust ion chamber, i s  s p  i a l l y  uniform but  

i s  a func t ion  of t i m e .  This can be co idered a s  a first 
order  approximation. I f  any reasonable h e a t  t r a n s f e r  
c o r r e l a t i o n  is  in t eg ra t ed  down t h e  length  of  t he  p rope l l an t  
g ra in  and r e s u l t i n g  t o t a l  h e a t  subt rac ted  from the  gases i t  
quickly becomes apparent t h a t  s u b s t a n t i a l  changes i n  t he  gas 
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temperature should occur,  This has  been v e r i f i e d  experi-  
menta l ly ,  

The su r face  temperature,  75 , is  a func t ion  of both t i m e  
and d i s t a n c e  from the  foreward end of  t he  p rope l l an t  g r a i n  as 
descr ibed  below. 

It has  been found t h a t  t he  measured h e a t  t r a n s f e r  d a t a  
can be c o r r e l a t e d  with a(T-G;)  which is cons tan t ,  indepen- 
d e n t  of  both 3( and t . This cons tan t  temperature d i f -  
fe rence  i s  used i n  Equation C given above. This does n o t  
i n f e r  any new assumptions. It i s  j u s t i f i e d  on t h e  b a s i s  of 
s impl i fy ing  t h e  empir ical  h e a t  t r a n s f e r  co r re l a t ion .  

c r i t i ca l  temperature a t  t h e  su r face  o f  t h e  p rope l l an t .  

. .  
The i g n i t i o n  c r i t e r i o n  i s  simply t h e  at ta inment  of 

7; = -CY,;"-  AII-5 

F i n a l l y ,  t h e  i n i t i a l  condi t ions  on t h e  combustion 
chamber p r o p e r t i e s  and burning area  are 

F(0) = ambient pressure  

3 Qd = 8 

Computational Procedure 

. . With t h e  se l ec t ed  i n i t i a l  condi t ions ,  and t h e  9 and ' 

7- t i m e  d e r i v a t i v e s  a s  funct ions of 9, T ,  and r ,  t h e  -p 
and 7 vs.  -2- curves a r e  determined. The numerical scherri? 
used i n  t h i s  r e p o r t  t o  determine t h e s e  curves i s  a p re  
c o r r e c t o r  method. Given t h e  previous two po in t s ,  t h e  
d i c t o r  formula p r e d i c t s  t h e  next  p o i n t ,  then the  c o r r e c t o r  
formula uses t h i s  pred ic ted  value t o  c o r r e c t  i t s e l f .  T h e .  
c o r r e c t o r  formula can be appl ied as many t i m e s  as necessary 
t o  i t s  own previous value u n t i l  successive values  d i f f e r  by 
some s h e c i f i e d  s m a l l  amount. The formulas are taken .from 
Reference 2 2 ,  and a r e  as follows: 

The P red ic to r :  
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where t h e  supe r sc r ip t  i r ep resen t s  t he  i t h  t i m e  through 
t h e  c o r r e c t o r  formula, and t h e  s u b s c r i p t  fq r ep resen t s  
t h e  number of t ime-steps taken up t o  t h a t  po in t .  The 
geometric r ep resen ta t ion  of t hese  two formulas i s  shown 
i n  Figures  A I I - 1  and A I I - 2 .  Simultaneous with the  above 
equat ions ,  t h e r e  e x i s t  s i m i l a r  equations f o r  T . Since 
t h e  equat ions r equ i r e  two p o i n t s  previous t o  t h a t  des i r ed ,  
t h e  second po in t  on the  curve must be ca lcu la ted  using a 
simpler scheme - a Runge-Kutta scheme was used i n  t h i s  
r e p o r t .  

The co r rec to r  formula is appl ied u n t i l  

A I I - 8  

where k i s  spec i f i ed  as  i npu t  d a t a  t o  the  computer program. 
I n  t h e  cases  presented he re ,  E had the  value of It 
w a s  found, f o r  t h e  PI-iz's used i n  t h i s  r e p o r t  - from .001 t o  
.05, t h a t  Equation AII-8 was always s a t i s f i e d  i n  less than 
t e n  i t e r a t i o n s ,  and genera l ly  i n  2 ' o r  less. 

. I n  order  t o  c a l c u l a t e  Sk'tzjthe p rope l l an t  s l a b  is  broken 
up i n t o  a f i n i t e  number of p i eces  ( i n  t h e  computations f o r  
t h i s  r e p o r t  t he  s l a b  was divided i n t o  1 0 0  p ieces  so D 4 = &oI ) .  
I n i t i a l l y ,  t he  $ = 0 . 0 1  p o i n t  is considered, l a t e r  during 
flame spreading t h e  p o i n t  i n  f r o n t  of t h e  flame is  
considered.  A t  t h e  p a r t i c u l a r  f 
AII-4a, b, c a r e  used t o  c a l c u l a  e I t )  f o r  each t i m e  

t h e  . su r f ace  temperature of  t h e  p a r t i c u l a r  po r t ion  of  t h e  
su r face  i s  ca l cu la t ed  a t  t h e  given t i m e ,  

p o s i t i o n  Equations 

i n t e r v a l  up t o  the  p re sen t  t i m e .  N o  a using Equation AII-4d 

The i n t e g r a l  i n  Equation AII-4d was evaluated using 
a s t ra ight forward  summation process  shown i n  Figure A I I - 3 .  
I n  t h e  c a l c u l a t i o n  of @ ( M ) ,  7; was taken as t h e  su r face  
temperature of t h e  p rope l l an t  one 0 2  ear l ier  than t h e  
p o i n t  being looked a t .  The d i f f e rence  between these  
temperatures was genera l ly  less  than a degree. The su r face  
temperature i s  then compared t o  t h e  i g n i t i o n  c r i t e r i o n ,  
Equation AII-5. 
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I f  PB, %,+ , t h e  t i m e  i s  advanced by one s t e p ,  and t h e  
h e a t  t r a n s f e r  c a l c u l a t i o n s  a r e  performed f o r  t h e  same 
element up t o  t h i s  new time. This advance i n  t i m e  w i l l  
cont inue  u n t i l  t h i s  element of  su r f ace  i s  such t h a t  T,L c6 . 
A t  t h e  end of  each t i m e  i n t e r v a l  t he  burning a r e a  and t h e  
chamber p r o p e r t i e s  are reported.. I f  the element of su r face  
i s  unsuccessful  i n  reaching , then t h e  sit) t o  be repor ted  
i s  t h e  same a s  t h e  see)  t h a t  was repor ted  i n  t h e  previous 
l i n e .  

I f  32 7;G I then the  burning has advanced t o  t h i s  
p o s i t i o n ,  and t h i s  va lue  along with the t i m e  and chamber 
p r o p e r t i e s  are reported.  T i m e  i s  now he ld  f ixed ,  and t h e  
element of su r f ace  under cons idera t ion  i s  advanced by a $  
The h e a t  t r a n s f e r  t o  t h i s  new element o€ su r face  is  calcu- 
l a t e d ,  and i t s  su r face  temperature is  compared t o  the  
c r i t e r i o n .  The advance of t h e  su r face  bu t  no t  o f  t i m e  is 
continued u n t i l  < F6 When this  does occur,  then t h e  
remarks of  t h e  previous paragraph a r e  appl icable .  

, 

A f t e r  flame spreading is  complete, t he  c a l c u l a t i o n  
i s  very simple,  It i s  as out l ined  i n  t h e  f i r s t  paraqraph 
except  S('1=)=I . 

For convenience, t h e  program was divided i n t o  a main 
program and t h r e e  subrout ines .  The main program contained 
a l l  input-output ,  and made most of  the important dec is ions .  
Subroutine m t p n t  contained t h e  mechanism f o r  i n t e g r a t i n g  t h e  
d i f f e r e n t i a l  equat ions;  subrout ine f l o i g  ca l cu la t ed  t h e  
i g n i t e r  effects: and subrout ine warum ca lcu la t ed  the  
s u r f a c e  temperature of  t h e  p rope l l an t  a t  t h e  requi red  p o i n t  
and t i m e .  

. The c a l c u l a t i o n s  were programmed i n  Fortran I1 and 
run on P r i n c e t o n ' s  IBM 1620 ,  7044 and 7094 d i g i t a l  com- 
p u t e r s ,  Following are a flow c h a r t  of  t h e  program (Figure 
AII-4),  a g lossary  of computer expressions,  and a copy of 
t h e  7044 ve r s ion  of t h e  program. 
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GEOMETRICAL REPRESENTATION OF 
SECOND ORDER PREDICTOR 

(FROM REFERENCE 24) 

FIGURE B.-1 

GEOMETRICAL REPRESENTAT ION OF 
SECOND ORDER CORRECTOR 

(FROM REFEBNCE 24) 

I 
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GEOMETRICAL REPRESENTAT ION OF HEAT TRANSFER 
INTEGRATION SCHEME 

I 

e =  8 1  P 3 -  
---t tC 
t 

FIGURE B - 3  
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COMPUTER PROGRAM FLOW CHART 

c 

FIGURE B-4 



ACROS 

AL 

ALD 

ALPHP 

AN 

AT 

AT I G  

C R I T  

CSTAR 

DELT 

D E’LX 

D T  

D T I G  

GAMMA 

GAMSQ 

G I M  

P 

P C I G  

PEQ 

P I N I T  

PY 

Q (M) 

RENUK 

RENUK 

REX 
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GLOSSARY OF COMPUTER EXPRESSIONS 

ct 

area  c r i t e r i o n  t o  shut  o f f  i g n i t e r  

G* 

a t  

;ro 
=? 

p o l  
?when S = 1 

The hea t  t r a n s f e r  cor re la t ion  becomes: 

NUX = RENUK REX RENUX 
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REXQ 

S 

S I N I T  

TAU 

TCIG 

TDIFE 

TEMP 

TEMPY 

TFLME 

THERM 

TIG 

TINIT  

TMCRIT 

TREF 

TS 

TSO 

VOL 

X 

XL 

XLAMG 

XLAMP 

XMUG 

s, - 

r 
T-T 

T when S = 1 

Adiabatic flame temperature of t he  p rope l l an t  
cL2 

Ap 

7 4  
7- 
' 0  

NO. of 
o f f  (used f o r  Se r i e s  D> 

L" u n i t s  a f t e r  P = 1.0 t o  c u t  i g n i t e r  

t* 

Ts 
5 
JL 
# 
R 

A ?  
xp 
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C LAWRENCE L I N D E N  I G N I T I O N  TRAAIS IENT P R E D I C T I O N  A F T E R  G. D I  L A U K U  
C PROGRAM NUMBER 462138, NAME-PPSPIG,  F O R  .P.KESSUKE P R E D I C T I O N  OF 
C S O L I D  P R O P E L L A N T  I G N I T I O N  

D I M E N S  I O N  P ( 1500 1 7 TEPl P ( 1500 I 9 RHEI, P ( 1500 1 
COMMON R E N U K 9 X L A M G , T D I F E , X , X L t A L , R f X , R E X T R E ~ U X , ~ ~ L E S S 9 ~ , ~ E L T , T R E F , N ~ A T ,  

S ( 1500 I 

l T S O  ,THERM 7 TS, TAU,  C K I  T7  PC I G ,  TC I G,TEPlP 
~ P E O , C S T A R T G I M , S , S Y , C R I T ~ ~ N O S ~ ~ ~ L X , R E X E Q , P , R H E L P , D ~ ~ T , D T ~ T , A ~ , I T ~ ,  
3 L A L L  ,TOLER,PY ,ETPRES, P C R I T T T M C R I T , T F L M E  ,PLAI, , T L A L  T P L A L M l ,  r L A L M l  

GAMMA 9 PM I G  , T M I G  ,TEMPY ,AT I G ,  

100 F O R M A T ( 8 F 1 0 . 6 1  
201  F O R M A T ( 7 1 H f L A W R E N C E  H. L I N I 3 E N  I G Y \ l I T I O N  T R A N S I E N T  PKEDICT1U.N AF 

l T E R  G .  01 L A U R O )  
202 F O R M A T ( 5 H  P E Q = 9 E 1 3 * 6 , 8 M  C S T A R = , E 1 3 * 6 )  
203 F O R M A T ( 4 H  X L = , E 1 3 * 6 , 6 H  A L D = , E 1 3 . h r 4 H  VOL=,E13.6,5H OT=,E13,6,8H 

1 ACROS= 7 E 13 06 7 7 H  DT I G = ,  E l  3 6 1 
2 0 4  F O R M A T ( 4 H  AN=7E13 .6 ,8H A L P H P = , E 1 3 * 6 , 8 H  X L A M P = , E 1 3 * 6 )  
2.35 FORMAT ( 7 H  XLAMG=, E13m 69 7 H  X M l G 9 E 1 3 m 6  78H G A M M A = 9 E l 3  e6 1 
2 0 6  F O R M A T ( 5 H  NUX=,F7.476H'kREX'k*,F7o4) 
2 0 7  FORMAT ( 5 H  TSO=T E 1 3 0  6,6H T I G = ,  E 1 3 . 6 ,  S H  T F L M f = , E 1 3 . 6  1 
2 0 8  F O R M A T ( 6 H  P C I G = , E 1 3 * 6 , 7 H  T C I G = , E 1 3 * 6 7 7 H  C K I T = , E 1 3 . 6 , 8 H  P C K I T = ,  

1 E 1 3 . 6 7 9 H  T M C K I T = , E 1 3 * 6 1  
2 0 9  F O R M A T ~ / 5 X ~ 3 H T A U ~ 1 l X , l H P ~ l ~ X ~ l H S , 1 O X , 4 H T E ~ P ~ ~ X ~ 3 H G ~ M ~ l O X ~ 4 H D P ~ T ~  

1 9 X y 4 H D T D T ~ l O X ~ 2 H T S ~ l 0 X ~ 3 H ~ T N ~ 7 X ~ 4 H E T P R E S )  
2 1 0  F O R M A T ( 8 E 1 3 . 6 y 4 X , I 2 , 3 X , E 1 3 . h )  
2 11 
2 1 2  F O R M A T ( 6 H  T R E F = , E 1 3 . 6 7 9 H  X L S T A K = 7 E 1 3 o h l  
215 FORMAT ( 7 H  XDELT=,  E13m 67 SH D E L T 4 = ,  E 1 3 0  6 )  
216  F O R M A T ( 7 H  T O L E R = , E 1 3 * 6 / )  

FO !?!'!AT 1 7 E  13 -6  9 1-7X 9 I 2  ; 3x7 E l  3 r 6 ! 

PEG, CSTAR,  X L S T A R ,  D T I G ,  UT, A L D 9  AND GI14 ARE I N  E N G L I S H  U N I T S  
A L L  OTHER PARAMETERS ARE I N  C.G.S, I J N i T S  

I N P U T  
1 R E A D ( 5 , l O O )  PE6,CSTAR 

R E A D  ( 5  9 100 I 
READ ( 5  9 100 1 
RE AD ( 5 7 100 1 
READ ( 5  y 100 I RENUK RENUX 
R E A D ( 5 ,  100)  T S O t T I G , T F C M E  
R E A D ( 5 , l O O I  D E L X , D E L T l y D E L T 2 9 D E L T 3 7 D E L T 4  
R E A D  (5 100 1 
R E A D 1 5 ~ 1 0 0 )  P I N I T , T I N I T , S I N I T  
RE AD ( 5,100 1 T O L E R  

X L 7  ALD, VOL, D T  7 ACROS 7 DT I G  
A N T A L P H P  7XLAMP 
XLAMG ,XMUG 1 GAMMA 

PC I G  9 TC I G ,  C R I T  9 P C R I  T, T M C R I T  

C A L C U L A T I O N  OF PROGRAM CONSTANTS 
THERM = SQRT(ALPHP/3.1416)/XLAMP 
GAMSQ = GAMMA*(2./  (GAIVIMA+l. I I * $ $ (  (GAMMA+l .  ) / ( G A M M A - l .  1 )  
AT = 3.1416*(01*1.27)**2 

A T  I G = 3.1 41 6 * ( D T  I G:* 1.2 7 1 :$*2 
TREF = V O L /  ( AT*CSTAR:ZGAMS0+30 5 1 
R E X E O  = P E Q * X L % A T /  (CSTAR*XMUG*ACROS*6.45)  $14600. 
A L  = A L D / X L * 2 . 5 4  
' I N I T I A L  OUTPUT 

X L S T A R  = V O L / A T / 1 2 . / 2 * 5 4  

W R I T E ( 6 , 2 0 1 1  
W R I T E  ( 6 9 2 0 2 )  P E Q y C S T A S  
W R I T E  (6,203) X L , A L D ~ V O L , D T , A C R O S T O T I G  
W R I T E  ( 6 9 20 4 I 
W R I T E  ( 6  9 205 1 
bJR I T €  ( 6  7 206 1 RENUK RENlJX 
W R I T E  ( 6 9  207 1 

A N  9 A L P  HP 9 XI, AMP 
XLAMG TXMlJG 7 GAMMA 

TSO ,T I G Y T F L M E  
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W R I T E ( 6 9 208 1 
W R I T E  f69 .212)  T R E F T X L S T A S  
W R I T E ( 6 9 2 1 5 1  D E L X 9 D E L T 4  
W R I T E  ( 6  F 216 1 
W R I T E ( 6 y 2 0 9 1  

PC I G 9 TC I G 9 C R I T 7 PC R I T 9 T MC R I T 

TOLER 

C I N I T I A L  C O N D I T I O N S  
P ( l ) = P I N I T  
T E M P ( l ) = T I N I T  
S( I1 = S I N  I T  
TS = T S O  
I T N  = 0 
D E L T  = D E L T 4  
DO 10 N = 1 , 2 4 0 0  

C N ADVANC I N G  CORRESPONDS TO AOVAI\)C ItVG T I M E  
LALL = N 
N L E S S  = N - 1 
I F b N L E S S l l l s 1 1 9 4 6  

C N = l  
I1 TAU=Oe 

C R I T 2  = TAU + T M C R I T  
C A L L  N X T F N T  

GO TO 10 
W R I T E ( 6 7 2 1 0 )  T A U p P i N )  

C N GREATER THAN 1 
46 Tj?,\j = TAiJ i- C j E i T  

C R I T 2  = TAU + T M C R I T  
C A L L  N X T P N T  

TEMP ( N  1 9 G I M  ,DPDT DTDT z T S O  

c S E L E C T I O N  O F  THE ELEMENT OF SURFACE TO W H I C H  HEAT I S  TRANSFERRED 
NOS = ( S ( N - l ? + l p E - 7 1 / D E L X  
N O S  = NOS + 1 
GO TO 5 

NOS = NOS -i- 1 
1 5  NOS = ( S ( N ) + l , E - 7 1 / D E L X  

5 C A L L  WARUfal 
C T E S T  FOR I G N I T I O N  

C I F  THE E L E M E N T  HAS NOT YET I G N I T E D  -- C A L C U L A T E  THE PRESENT 
C CHAMBER C O N D I T I O N S p  ADVANCE T I M E  B Y  A D E L T  ( B Y  G O I N G  TO 10 

C E L E M E N T  A G A I N  
2 3  S(N)=S(N-l) 

I F  I T S - T  I G  1 2 3  9 2 4 9  2 4  

C - - A D V A N C I N G  THE DO LOOP I N D E X ,  1\39 B Y  O N E ) ,  AND THEN E X A M I N E  THE 

C A L L  FLO I G S I N 1 , T EMP ( N 1 7 P ( N 1 1 
W R I T E  (6 7 210 1 TAUYP ( N  1 ,  S ( N  1 9 TEMP (Nl , G I N  ,DPDT 9 DTDT ,TS 9 I T N  9 ETPRES 

C T E S T  FOR END OF FLAME. S P R E A D I N G  
I F  ( S'tN ) -e999 1 2 0 9 2 8  928 

20 GO TO 10 
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C I F  THE E L E M E N T  H A S  I G N I T E D  -- PRIhs r  THE P R E V I O U S  CHAMBER 

C ' ( B Y ' G O I N G  TO. ' I '5) .  DO NOT ADVANCE T I M E .  
C C O N D I T I O N S  W I T H  T H E  NEW AREA, AND THE/\! LOOK AT T H E  N E X T  ELEMENT 

2 4  S ( N 1  = X 
S ( N - 1 )  = X 
C AL L F L O  I G ( S ( N 1 , T EM P ( N 1 , P ( N 1 1 
W R I T E ( 6 , 2 1 0 )  T A U , P ( N )  S ( N )  , T E M P [ N )  ,GIM,DPDT,DTUT,TS , ITN,ET 'PRES 

I F ( S ( N ) - . 9 9 9 ) 2 9 , 2 8 , 2 8  
C T E S T  FOR E N D  OF F L A M E  S P R E A D I N G  

2 9  GO TO 1 5  
10 C O N T I N U E  

28 S Y = 1 .  
C S = l  

C D O U B L I N G  OF S T E P  S I Z E  -- 
C PREPARE D A T A  FOR CHAMBER F I L L I N G  

D E L T  = 2 e * D E L T  

P L A L  = P ( L A L L 1  
T L A L  = T E M P ( L A L L 1  
P L A L M L  = P ( L A L L  - 2) 
S ( L A L L 1  = l o  

, T L A t M l  = T E M P ( L A L L  - 2 )  

S ( L A L L - 1 )  = 1. 
3 1  KOUNT=O 

32  T A U  .= T A U  -i- D E L T  
C CHAMBER F I L L I N G  C A L C U L A T I O N S  

C A L L  N X T P N T  

KOUNT=KOUNT i- 1. 
IF ( K O U N T  - 5 0 0 0 ) 3 5 , 3 5 , 3 4  

E OIJ I L I BR I I JM PRESS UR E 1 

W R I T E  (6 ,211 1 TAIJ, PY, SY YTEMPY, G I M ,  DPDT, DTDT I T N , E T P R E S  

C T E S T  FOR E N D  OF I G N I T I O N  T R A N S I E N T  ( I . E .  A T T A I N M E N T  OF 
C 

3 5  I F ( P Y - e 9 9 0 ) 3 2 9 3 4 9 3 4  
3 4  GO TO 1 

END 
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S U B R O U T I N E  N X T P N T  
C S U B R O U T I N E  I N T E G R A T E S  T H E  D I F F E 9 E N r I A L  E Q U A T I O N S  USING A 
C ’ PRED ICTOR-CORRECTOR METHOD 

D I M E N S I O N  
COMMON 

S (  1500 1 ,P (1509 1 ,TE f j lP (  15O.O 1 ,  RHELP ( 1 5 O O )  
I\\ LESS 
Pf4 IG , T M f G  ,TEMPY V A T I G ,  

RE N UK 9 X LA MG 7 T’D I F E 9 X XL 9 A L R EX 9 RE NUX 
l T S O  ,THERM 7 TS, T A U ?  C R I  T, PC I G T T C  I G,TEi‘4P, GAMMA 
2 PEQ 7 C S T A R  7 G I M 7 S 
3 l . A L L  YTTOLERIPY ,ETPRES, P C R I T T T M C R  I T , T F L M F  9 P L A L  , T L A L  

0 0 E L T  7 T R E  F y 1’4 7 A T  y 

S Y  7 C R I T 2  7 NOS 0 EL X 9 R E  XEB 7 P 7 RH EL P I1 PDT 7 DT DT , AN 9 I TN , 
P L A L M l  yTLALI ‘ / I l  

4 I F f N - 1 1 5  9 5 9  10 
C S L E S S  T H A N  1 
C I N I T I A L  C O N D I T I O N S  -- N = l  

5 E T P R E S  = 0, 
E T T E M P  = 0. 

THA = S Q R T I T E M P ( N 1 )  
PN = P (  l):::*AN 

C A L L  
D P D T  =GAMMA;g[SI 1 ) * P N - P [  l ) + T H A + P M I G )  

F L O I G 4 S (  l ) , T E M P  (11 9 P (  1 )  1 

D T  DT =T EM P ( 1.1 :: ( ( G A M1YA-T EM P ( 1 ) 1 ‘g S ( 1 1 ‘g P N / P ( 1 ) - ( G A I W A -  1 e 1 +T HA 
1 + T M I G / P ( L )  1 

R H E L P ( 1 1  = ( D P D T - P ( l ) ~ : : D T D T / T E M P ( l ) ) / T E t y l P ( 1 )  
R E T l l R N  

10 I F  (N-2) 15915920  
C N=2 THE SECOND. P O I N T  I S  C A L C U L A T E D  IJSING A MODIFIfU RUMGE-KUTTA 
C SCHEME 

1 5  PNEW = P ( 1 )  + DELT:::DPDT 
TNEW = T E M P ( 1 )  + DELT;:::DT::DT 

T H A  = S O R T 1 T N E W I  
PN = PNEW+X:AN 

C A L L  F L O I G ( S ( L ) p T N E W o P N E W 1  
i)PPfEl.i: = GAPiqA:::fS‘f 1 );gPN - PNEW:gTHA f P M I G )  
DTNEW = TNEW:k:( (GAMMA-TNEW)::S( 1 I~:PN/PNEW-(GAMi4A-14 I * T H A  

1 +Tb I IG /PNEW)  
P ( 2 )  = P ( 1 )  + D E L T / Z o + ( D P D T  + DPNEW) 
T E M P ( 2 9  = T E M P i l l  + D E L T / Z , + ( D T D T  + DTNEW) 
D P D T  = DPNEW 
D T D T  = DTNEW 
R H E L ’ P ( 2 )  = ( D P n T - P I Z ) : g D T D T / T E M P ( Z )  l / T E M P ( 2 )  
R E T U R N  

C N G R E A T E R  THAN THO 
C T E S T  FOR. END OF FLAME S P R E A D I N G  

2 0  I F I S i N - 1 1  - .999121,80,80 
2 1  I T N  = 0 

O P D T L  = D P D T  
D T O T L  = D T D T  

C THE PREDICTOR-- - -  
P O L D  = P I N - 2 1  + 2.*DELT’gOPDTL 
T O L D  = T E M P ( N - 2 )  + 2.*kDELT*DTDTL 
P P R E D  = P O L D  
TPRED = T O L D  

THA = S O R T ( T O L O 1  
CALL F L O I G ( S I N - l ) r T n L D , P P R E ~ )  
DPDT 
D T D T = T O L D * (  (GAMMA-TQLD)*S (RI-1 ) ~ P N / P O L D - ( G A M M A - l ,  1 GTl-iA $- T M I G / P U L D )  

P ( N )  = P ( 4 - 1 )  + D E L T / 2 0 * ( D P D T L  + D P D T )  
T E M P { N )  = T E M P ( N - 1 )  -I- D E L T / 2 . \ k ( D T D T L  + D T O T )  

55 PN = POLD**AN 

= GAMMA* I S ( N - l  1 *PN-POCD*THA+PM I G 1 

C THE CORRECTOR --- 

C T E S T  F O R  CONVERGENICE OF I N T E G R A T I O W  
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C 
C 

C 

I F ( A B S ( ( P I N 1  - P O L D ) / P ( N ) f  7 T O L E * R ) 6 2 , 6 0 , 6 0  
62 I F ( A B S (  ( T E M P ( N 1  - T f l L D ) / T E M P ( N ) )  - T O L E R ) 6 5 , 6 0 , 6 0  
6 0  I F  ( I T N - 1 0 ) 6 1 , 6 5 ~ 6 5  
6 1  POLD = P ( N )  

T O L D  '=  TEMP ( N  I 
I T N  = I T N + l  

E T P R E S  AND E T T E M P  ARE T H E  T R U N C A T I O N  ERRORS ACCUMULATED D U R I N G  
-GO. 'TO 55  

THE I N T E G R A T I O N  I T E R A T I O N S ,  ON THE PRESSURE AND TEMP,  R E S P E C T I V E L Y  
6 5  P ( N )  = P ' ( N )  + E T P R E S  

i ' T E M P ( N l - = * T E M R I N l  + ETT,EMP 
* ' E T P R E S  .=  0 e 2 + t  

' E T T E M P  2 O , Z * t f P R E D - T E M P ( N ) )  
R H E L P  ( N - 1 1  
RETURN 
S E Q U A L S  ONE -- CHAMBER F I L L I N G  I N T E R V A L  
I N T E G R A T I N G  SCHEME SAME A S  SEFOSE 

= I DPDT-P ( N - 1 1  * D T D T / T E M  P (  N - 1  1 1 /TEMP ( N - 1 1  

PNM1, PNM2 ARE T H E  TWO P R E V I O U S  P O I N T S .  POLD S T A R T S  AS T H E  
P R E D I C T E D  PRESSUR.€? T H E N  I S  I T E Y A T E D  W I T H  PY I N  T H E  CORRECTOR 
FORMULA. 

80 PNM1 = P L A L  
T N M l  = T L A L  
PNM2 = P L A L M 1  
ThlM2 = T L A L M l  

THA = S O R T ( T N M 1 )  
C A L L  F L O  I G  1 p TNM19 P N M l  1 
D P D T L  = GAMMA::( PN-PNM1:kTHA + P M I G )  
D T D T L = T N M l : k (  (GAMMA-TNML ) * P N / P N M l - ( G A M M A - l .  ) + T H A + T M I G / P N P t l )  
I T N  = 0 
POLD = PNM2+2.::DELT:kDPDTL 
TOLD = T N M 2  + 2.X:DELT*DTDTL, 
PPREO = P O L D  
TPRED ' =  T O L D  

THA = S Q R T ( T O L D 1  

DPDT = GAMMA:$(PN-PGLDZ:THA + P M I G )  

PN = PNMI::::kAr\l 

- ._ 

85 PN = POLD<:fsAN I 

C A L L .  F L O I G ( S Y , f U L D , P P R E D )  

D T D T  = TOLDf;:I (GAMMA;TOtn) 'kPN/POLD- IGAMMA-1.  ) S T H A  + T M I G / P O L D )  
PY = P N M l  f D € L T / Z e ' $ ( D P D T L  + D P D T )  
TEMPY = T N M l  + D E L T / Z . * ( D T D T L  + D T D T )  
I F ( A B S I  ( P V  - P O L D I / P Y I  - T O L E R ) 9 2 , 9 0 , 9 0  

92 I F ( A B S ( ( T E M P Y  .- T O L D ) / T E M P Y )  - T O L E R ) 9 5 , 9 0 , 9 0  
90 I F ( I T N - 1 0 ) 9 1 , 9 5 9 9 5  
91 P O L D  = P Y  

TOLD = TEMPY 
I T N  = I T N  -+ 1 
GO TO 85 

95 P Y  = P Y  3 E T P R E S  
TEMPY = TEMPY + E T T E M P  
E T P R E S  = 0 . 2 * ( P P R E D  - P Y )  
E T T E M P  = 0,2*(TPRED - T E M P Y )  
STORAGE OF L A S T -  TWO P O I N T S  FOR NEXT T I M E  AKOUNII  
P L A L  = P Y  
T L A L  = TEMPY 
P L A L M l  = P N M l  
T L A L M l  = TNlYl 
RETURN 
END 
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SUB R13U T I Pi E WAR Ui\l 
C S U B R O U T I N E  C A L C U L A T E S  THE TEMPERATURE A T  A G I V E N  S T A T I O P I  B Y  
C I N T E G R A T I N G  THRCIUGH T I M E  T H E  H E A T  TRANSFERRED T O  I T  
C THE I N T E G R A T I O N  I S  DONE R Y  SUNPIING AREAS. THE AREAS ARE E V A L U A T E D  
C A T  THE M I D D L E  OF T H E  I N T E R V A L  S O  T H A T  ERRORS TEND TO C A h C E L .  

D I M E N S  I O N  
C 0 MM ON 

S i 1500 1 7 F ( I. 500 ) 9 TEMP ( 1500 1 9 R H E L P  ( 1500 1 
R E  N UK 9 X L A  MG 7 T D I F E 9 X 9 XL 7 A L 7 RE X 9 R E  NUX 9 N t  E S S 9 0 7 D E L T 7 T RE F 9 11 9 A T 7 

l T S O , T H E R M ~ T S ~ T A U ~ C R I T 9 P C I G , T C I G ~ T C I G , T E M ? , G A M ~ A ~ P ~ I G ~ T M I ~ , T E ~ P Y , A T I G ,  
~ P E O , C S T A R , G I M ~ S ~ S Y ~ C R I T Z , N ~ S , D E L X , ~ E X E O , P , R H E L P , ~ P D T , D T D T , A ~ ~ I T ~ ~ T  
3 L A L L , T O L E R , P Y , E T P R E S , P C R I T , T M C R I T , T F L M E , P ~ A L , T L A ~ , P L A L ~ l , T L A L ~ l  

XK = NOS 
X = XK :g D E L X  
StJM = 0. 
SAU = O o  
T D I F E  = T E M P ( l ) + T F L M E  - T S O  - 273.15 
REX = R E X E B * ( A L + X  1 * ( P  ( 11 / S O R T (  T E M P (  1) I + (  1 e - X  I - zRHELP 1 I 1 
0 1  = RENUK*XLAMGy;TDIFE/ ( (AL+X):%XL )'::REX"-' **- 4. R E N I1 X 
OM = Q 1  
IF [ N L E S S - 2 )  35 9 1 0 7  10 

3 5  C O N T I N U E  
SUM = Q l * D E L T ~ z S Q R T ( T R E F / ( T A U - S A U )  1 
GO TO 25  

10 C O N T I N l J E  
Do 20 M=Z,NLESS 

C HERE A D V A N C I N G  M CORRESPONDS TO A O V A N C I N G  TIiLIE. 

C SAU I S  T H E  DUMMY I N T E G R A T I O N  V A S I A 3 L E  
Q M N l  = OM 

SAU = S A U  + D E L T  
O I F F  = TA1J - SAU 
T D I F E  = TEMP(M1SzTFLME - THERM+SUM - 273.15 
RE X = RE XE O +  4 A L+X 1 g: ( P { 1'4 1 /SORT I T EM P ( M 1 1 + ( 1 - X  1 *RHE L P ( I4 1 1 
OM = RE N U  K * X L A  MGsT D I F E / ( ( A L+ X 1 % X L 1 ::RE X:::+ R EN U X 

SUM = SUM f D E L T * T I N T  
T I N T  = ( O M : g S Q R T ( T R E F / D I F F )  f O M N l * S O R T ( T R E F / ( D I F F + D E L T )  ) 1 / 2 *  

20 C O N T I N U E  
T I N T  = ( ( O M  - Q M N 1 ) / 2 .  + Q M f s S B R T ( Z , g : T R E F / D E L T )  
SUM = SUM + D E L T * T I N T  

RETURN 
END 

25 T S  = i s 0  i THERM+SUM 
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S U B R O U T I N E  F L O I G  (SX,TEMPX, P X )  
C S U B R O U T I N E  S U P P L I E S  THE I G N I T E R  E F F E C I S  

' D I M E N S  I O N  S 1500 1 I P ( 1500 1 9 TEMP ( 1500 1 R H E L P  ( 1 5 0 0  1 
C 0 MMON RE N UK 7 X L A  PIG T D I F E X XI- 7 A L 9 R e  X 9 R ENU X 7 I1 1. ES S I 0 9 D E L T  I T R E  F 7 N I A T  I 

1 TSO 9 T H E  RM ., T S 7 T A U  , C R I T 9 P C I G 9 TC I G I T EM P 7 GA M MA 9 PM I G I T M I G 9 T E PI PY , AT I G I 

Z P E O I C S T A R  , G I  M, S ,  S Y  , C R I  T 2 ,  NOS, DELX,  K E X E 8  , P  ,RI+ELP 9DPOT 9 OTDT ,Ah11 I TI'I I 
3 L A L L 9  T O L E  R 9 P Y 7 E TP R ES 9 PCK I T 7 TFlCR I T 9 T F L M E  P LA L T L A  L I P L A L M  1 I r L A  LP11 

C T E S T  FOR I G Q I T E R  CUT-OFF C R I T E R I A  
I F  ( SX-C R I T I6 0 I 6 0 I 6 2 

6 0  I F  ( T A U - C R I T 2 ) 6 1 r 6 1 , 6 2  
6 1  I F ( P X - P C R I T ) 6 1 5 , 6 1 5 , 6 1 ~  

615 C O N T I N U E  

616 P M I G  = P C I G : ~ : S B R T ( T C I G ) * A T I G / A T  
C I G N I T E R  TERMS I N  DPDT ANT) DTDT -- 

TM I G 

GO TO 63 

= PC I G % ( GA MM A +TC I G-T EM PX ) / S 0 R T  ( TC I G 1 * A T  I G /  A T 
G I M = P M I G +P E 0 ::A T / ( C S T A 9 *T C I G 1 '+ 3 2 e 1 7 / 6 e 4 5 

C I F  I G N I T E R  CUT-OFF C R I T E R I O N  HAS B E E N  R E 4 C H E D  --- 
617 P C R I T  = 0. 

6 2  P M I G  = 0. 
T M I G  = 0. 
G I M  = 0 e  

6 3  R E f i J R N  
E N D  
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